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Exact and Approximate Solutions for the 
Supersonic Delta Wing 


L. R. FOWELL*t 


University of Toronto 


SUMMARY 


For a plane delta wing with supersonic leading edges, an exact 
nalysis based upon the equations for inviscid flow with constant 
tagnation enthalpy showed the existence of two cases in the 
olution of the flow over the expansion surface; below a critical 
ngle of attack a continuous solution can exist while above this 
ngle the solution must be discontinuous. 

Exact solutions were found for the flow over the compression 
urface and for that over the expansion surface in the continuous 
ase. Analytically, the boundaries of the domain (or region of 
influence) of the wing apex (excepting the shock segment on the 
ompression side) and the solutions outboard of the boundaries 
were Obtained. The solutions within the apex domain were 
ound by relaxation processes—that on the compression side in 
volving an iteration procedure for location of the curved shock 
ortion of the domain boundary. On the compression side, the 
egion of non-zero entropy gradients was determined and the ro 
ationality effect was calculated. A singularity in the entropy 
tlong the wing centerline was established 

A method was proposed to yield a close approximation to such 
exact solutions by means of an adjustment of the linearized solu 
ion, based upon a matching of the linearized and exact solutions 
ht the boundary of the apex domain. This method was of con 
iderable help in obtaining the numerical exact solutions and may 
n its own right serve as an approximate solution of considerably 
increased accuracy 

For the discontinuous case of the flow over the expansion sur 
ace, an approximate method of solution was suggested in which 
he discontinuity takes the form of a conical shock. This cas« 
as investigated experimentally and the results found support 
he mechanism proposed 

While the linearized theory was found to err considerably in 
letermining perturbation velocity potentials and the analogous 
otational flow velocity functions—as much as 34 per cent for a 
Wing having an angle of sweepback of 45° in a flow possessing a 


Received May 16, 1955 

t Research Assistant, Institute of Aerophysics. 
The author wishes to express his gratitude to A. Robinson and 
7 N. Patterson for their guidance and counsel during the course 
f this project. The stimulation and encouragement of discus 
1ons with all the staff members of the Institute of Aerophysics 
pnd the Department of Applied Mathematics are sincerely ap 
preciated 

ve research was supported by the Canadian Defence Research 
oarc 


free-stream Mach Number of 3 at an angle of attack of 4 the 
errors are of opposite sense on the two wing surfaces and are of 
such a distribution that the integrated effect is of a smaller order 
(in the case cited the linearized theory underestimated the lift 


by 2 per cent 


SYMBOLS 


free-stream speed of sound 

local nondimensional speed of sound, Eq. (2.2.1 

the perturbation velocity potential, Eq. (2.4.5 

a velocity function, Eq. (4.3.6) 

the limiting velocity for the flow in the (7, @) plane 
Eq. (2.3.1 

cylindrical polar coordinates, Fig. 1 

free-stream Mach Number 

nondimensional velocity, (flow velocity )/ao, where 
dp is the free-stream speed of sound 

local total nondimensional velocity, Eq. (2.2.1 

dependent variable representing entropy, Eq 
(4.3.3) 

nondimensional velocity components along thi 
X1, Xo, X3; axes, respectively, Eq. (2.2.1 

right-handed Cartesian coordinate system, Fig. | 

dimensionless conical coordinates, Section (2.2 

the angle of attack in the (7, 6) plane, Section (2.5 

the angle of attack of the free-stream relative t 
the wing centerline, Eq. (2.4.1) 

angle between ./, and the leading edge, Section 


9 
° 


(2 
ratio of the specific heats of the gas, 
semiapex angle, Fig. | 
angle measured from the normal to a velocity wit! 
M = Il, Fig. 2 
ratio, (y — 1)'/*"(y + 1 
Mach angle appropriate to the free stream, Sec 


1/2 


tion (2.4 
T = a function of velocity and position, Eq 
? = total velocity potential 
The subscript notation for differentiation is used such that the 
partial derivative (0/O0x)® is written ®o, while the total deriva 


tive (d dX2)X is written .Y dx 
(1) INTRODUCTION 


¢ THIS PAPER the principal results are reported of an 
investigation performed at the Institute of Aero- 
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Flow structure in section perpendicular to leading edge, 
expansion surface 


Fic. 2 


physics, and the methods used are indicated. A com- 
plete description of the research, including details of 


the analysis, methods of solution, and experimental 


procedure, is available as Report #30 of the Institute.® 


The primary aim of the investigation was to obtain 
an exact solution of the equations governing steady 
inviscid supersonic flow with constant stagnation en- 
thalpy about an infinitely thin flat delta wing with 
supersonic leading edges at a finite angle of attack and 
zero angle of yaw a problem in exact cone field theory. 
In doing so it was hoped that understanding of the 
nature of more general conical flows would be improved 
and that methods of general applicability would be de 
veloped. 

Cone fields' are those for which the functions under 
consideration velocities, pressure, density, entropy 
are homogeneous. In the case under consideration the 
degree of homogeneity is zero, such that the functions 
are constant along half lines issuing from the origin of 
the field. 

For such problems the only known exact solution in 
closed form is that of Taylor and Maccoll under re 
stricted boundary conditions.’ A numerical method 
for solving the exact equations in more general cases 
has been proposed by Maslen.* 

In exact cone field theory the complete inviscid flow 
equations are used with no terms neglected, and the 
actual physical geometry of the problem is retained. 
The wave systems must be attached at the leading edges 
in order that the flow be supersonic everywhere and 
that the boundary conditions be conical. 

An exact theory is desirable to define the limits of 
usefulness of the simpler linearized theories within the 
tolerable errors and, beyond these limits, to yield the 
desired information not otherwise obtainable. The 
elimination of the errors caused by neglect of nonlin- 
earity will permit better understanding of the effects of 
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the remaining factors which have been neglected, sy 





as viscosity, enabling the extraction of more informatio, 
from a comparison of theory with experiments 


(2) EXPANSION SURFACE EXAcT THEORY 


2.1) General Flow Structure 

The expansion and compression surfaces may be co 
sidered independently because of the supersonic velo 
The flow | 


on the expansion surface was assumed to be continuoy 


ity component normal to the leading edge 


and irrotational such that the equation to be soly 

was the three-dimensional equation in the total velo 

ity potential, ®, 

» Poxjox, [Pox, Pox, 63; x 
yl + (y — 1)2-(Me -— ® 


( ‘ 
Po.) 5 | U 4 


On 


Here 6;; 1s the Kronecker delt 
All veloci 
as multipk 


where /, j,k ip Ser, 
equal to | for 7 j, equal to zero for 1 ¥ 7. 
ties are nondimensional, being written 
of the free-stream velocity of sound. 
Eq. (2.1.1) is of hyperbolic type throughout th 
region of interest such that the space influenced by any 
field point is that contained within the characteristi 
and issuing fro: 


conoid > appropriate to Eq. (2.1.1 


the point. It was seen that the characteristic conor 
emanating from the wing apex divided the flow fiel 
into two fundamentally different regions. The regions 
outboard of the conoid are effectively two-dimensional 
being free of the influence of the apex, and the flov 
solution may be obtained as for a yawed infinite wing 
The inboard region, contained within the conoid, ma 
be considered as the interaction region for the flows 





from the leading edges. 


2.2) The Boundary of the Inboard Region 


The characteristic conoid of a quasilinear secon 
order partial differential equation, such as Eq. (2.1 


is in general curvilinear, but reduces to an extension 
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SOLUTIONS FOR THE SUPERSONIC DELTA WING 711 
the characteristic (or Monge) cone for the point of its Here a is the local nondimensional velocity of sound 
rigin' when the coefficients of the terms ®,,0,; are “u, v, w are the nondimensional velocity components 
mstants. In the case of the conoid emanating from appropriate to x), \, X; respectively, and q a 4 
the apex of a delta wing, the coefficients are constant v2 + qy?)!/? 
long straight lines from the apex since they are func 
sons of the velocities. Hence the characteristic conoid, 2.3) Solution for the Outboard Region 
vhich originates as an infinitesimal straight line cone The flow may be completely described in this region 
rom the apex, reduces to the extended Monge cone in by obtaining the solution in a section perpendicular to 
his case the leading edge, the region being effectively a yawed 
Since the flow properties are independent of distance two-dimensional wing. A cylindrical polar coordinati 
rom the apex in a cone field, the flow is a function only system (L, r, 8) based upon the leading edge was used 
{ the ratios V2/X1, Xs N3/X Where x1, X», A (Fig. 1), and the velocity component .J/, cos 8 parallel 
lesignate a Cartesian coordinate system with x; di to the leading edge was superimposed upon a Prandtl 
rected in the same general sense as the free-stream ve Meyer expansion of the component .J/, sin 8 through 
«ity. Hence, one may consider the problem in two the angle a (see Fig. 2) in a section normal to the lead 
limensional cone-field space, using the conical coordi ing edge. Here 8 is the angle between the free-stream 
ites Xe, X velocity and the wing leading edge, while a@ is the angle 
It was shown in Reference 6, Appendix I, that, if onc between .J/) sin 6 and the wing trace in the (7, 4) plane 
considers Eq. (2.1.1) in a cone field of zero degree, the The limiting velocity c* for the flow normal to the 
parabolic line (separating the region for which the equa leading edge was given _ 


tion is hyperbolic from that for which it is elliptic) o! 

the equation transformed into conical coordinates is (170 sin B ray = 3 ( (2.3.1) 

identical with the intersection by a plane of the ex = ead oe 
; : lhe usual analysis’ then yielded the velocities in the 


tended Monge cone from the cone field origin and ap region of expanding flow 
4 ) a < ( s eo) 


propriate to Eq. (2.1.1 


rherefore, the boundary of the inboard region in the Po, c* sin (\6* } 
\., Y;-plane was obtained as the parabolic line of Eq. —r—'Dag c*d cos (A8" (2.3.2) 
2.1.1) thus transformed, and, in this plane, the out- Po) My cos 8 
board region is hyperbolic and the inboard region ellip 1/2 1/2 : 
; Here A (y — 1 (y+ 1 and # a+ (mr/2) 4 
tic. - 
’ Ds i , 0,") — @ where 6," is the expansion angle required to 
Phe equation for this boundary 1s ; ‘ ; ji ret , 
achieve the velocity 1/9 sin 6 from an initial velocity 
X»? + X3")(q a’ (u + vXo + wX;3)’ with 1f = 1. The corresponding velocities u, v, % 
(2.2.1 were then given by 
= : 5 - , ,r * ee 1/2), = y . , = 
Po, COS F c* sin y)[(tan y — X2)* + X3? sec? 7] “'[(tan ¥ — Xe) sin (AO*) + Y3A cos (AO*) sec 7] 
., sin ¥ + c* cos y[(tan 7 — X2)* + X;? sec? y]~° ~’[(X. — tan 7) sin (A6* X3\ cos (AO*) sec ¥] >(2.3.3 
i c*|(tan 4 X + X;* sec? 7] [X3 sin (\O*) sec 5 (tan y — X»)A cos (A6*) | 


In the constant velocity region below the expansion fan 


u = Messin ¥ + pg; cos ¥ 
v = - Mocos ¥ + Pog, sin ¥ 2.3.4 
wu 0 
where 
MW, = c*(sin? [\@.*] + A? cos? [AG.* ] 
6.* = a+ 6,’ + tan-'[A~! tan (AG*) | 


rresponding to the last characteristic of the expansion fan. 


2.4) The Solution of the Inboard Region 


For the case of a continuous field, the solution for the outboard region applies up to and including the points of 


he boundary of the inboard region. The velocities given by this outboard solution may therefore be used in the 


‘uation specifying the boundary itself and to specify the conditions that must be satisfied there by the inboard 





jative t 








lution. 
Che equation for the boundary |Eq. (2.2.1)] takes three particular forms according to the velocity region of the 
utboard solution that determines it. The free-stream velocities 






u = M, cos @, ry 0, w= Mysina 
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transform Eq. (2.2.1) into he 
(1 + X.? + X37)(1 — Mo?) = (cos & + X3 sin @)* 24 ‘ 
rhe velocities of the expansion fan give S¢ 
X2?(Po,7 tan? 7 — Po,") — X37(Po," sec” ¥) + 2X2(tan 7)(Pyg,? + Por?) + (Po ®,,° tan* 7 0 (24 


as the boundary equation in that region, while, for the constant velocity region adjacent to the wing, Eq. (2.2.1) } 


comes 


3.1 
(AZ. tan 7 + Pyg,) + X2(@a, tan 7 — Me))}? = (1 + Xo? + X37)(sec? 7)(Pa,? + c* sin? })ro,*! 2.4 
rhe first and last characteristic lines of the expansion fan are given by 6 = a + sin~! (sin @ ese 8) and 6» (corp the 
sponding to @.*), respectively, substituted into ine 
sin y — X2cos y = X3 cot 0 D44 
it 
thus defining the regions of applicability of Eqs. (2.4.1), (2.4.2), and (2.4.3). ton 
Eq. (2.1.1) was written in terms of the conical coordinates and was transformed by the introduction of a perturb ry 
tion velocity potential er 
Sher, 
f( Xo, X = (b — x3 sin &)(x Wo cos &@)~! — 1 945 a 
rhe differential equation thus obtained was written in finite difference form using the first finite difference approxi S100 
mation with equal increments (6) in X» and X;, resulting in he 
the 
(fi + fs) [1 (B°A—' — X2")] + (fo + fy) [1 -— (7A! — X;°)] — 246[1 — (B*A Xo?) + 1 " 
(C?-A-' — X37)] + 2-( A+ St fi f.)(BCA~ X2X 0 (24¢ 7 
which holds for the point corresponding to fo. Here nal 
Cl 
2+ (vy — 1)Me? y¥-1 
- 1 abi i) t . .* 2! - - — 7 
A = : eae a fox.” + (San & > Jax)” Tk | r 3 Xofax X 3fax,)?] = 
2110? cos? & 2 r 
B = X (1 . 3 NXof oy \ lox , = lax Pa 
C X3(1 + / Xofax, — Xsfox,) — (tan & + fox. 
and the subscripts on the function values (/) indicate their relative positions on the finite difference grid (see Fig. 3 
rhe inboard region has been shown to be elliptic [see Section (2.2) | and hence amenable to solution by the relaxatior 
method.*~!" The point relaxation operator based on the first finite difference approximation was used 
1— (C*A-'— X 
ies - 1 — (B?A ¥.?) | a . 
1 — (B*A-' — X;?) age. y 1 — (BA Xx, 24, 
(+1 — (C?A Y;°)4 
1 — (C°A I \ 
« 
Boundary values for f in the inboard region were pro- the inboard region as given by Eq. (2.2.1) is shown 
vided by the velocity distribution of the outboard solu- Fig. 4, compared with the linearized boundary (th 
tion together with the relationship free-stream Mach cone) and has the following physical 
basis. 


f [u — My cos & + Xw + X3(w — Mp sin &) | 


[My cos @]-! (2.4.8) The upper segment of the boundary is the top of th 


Mach cone appropriate to the free-stream velocity (an 


At the wing surface, the condition of zero velocity nor- to the first characteristic of the Prandtl-Meyer {a 
mal to the wing completed the specification of boundary from the leading edge). The lower segment is a 
conditions, yielding fax, = —tan @. tion of the Mach cone appropriate to the resulting & | 
The relaxation method was found to converge quite panded (and yawed) velocity corresponding to the last 
satisfactorily. characteristic of the fan. The intervening space Ma) 


be thought of as occupied by the family of Mach cones 
(2.5) An Example : : a : ee 
appropriate to the intermediate characteristics of ™ 
The particular case was considered for which MM, = 3, Prandtl-Meyer fan, and the central segment of tht Fic 


7 = 1.402, 7 = 45°, @ = 4°. The exact boundary of boundary is the locus of the points of tangency of these 
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haracteristics to their respective Mach cones. I 
aracterisuc I iit cee LINEAR 
The f distribution in the apex domain was determined ‘iia 
9 2450 _ a 
2.4 yy means of the relaxation method, and a comparison 2 
< given in Fig. 5 of the exact and linearized f distribu . 
* . Pane Y 0) 2350: i: 
tions on the wing expansion surface (A3 ). ~ 
0 (2 yA 
&.4.2 wo \ 
eee aad i le © 2250: N 
(2.91)} 3) EXPANSION SURFACE — DISCONTINUOUS CASI 2 | EXACT wie 
= Ut -_ ro ms ~ 
ite BOUn ANY 
3.1 The Upper Limit to the Continuous Solution 2150 ge 
4 = ' 
sat It was apparent from Fig. 4 that the lower bound to x 
r the I larv ; aches tl 2050 ~, 
| A (corre the central segment of the boundary approaches the oe 
line of symmetry (X; 0) as the angle of attack is in- ™‘\ 
‘ : ° . ‘ | x 
reased. For angles of attack such that this point 950 10 20 30 
JA . r . . 
Soe reaches or passes the line X» 0 the original assump 10X 5 
tion of a continuous solution leads to a contradiction. ; : 
‘ ‘a hig. Oo. Comparison of f distributions on the wing expansion 
perturba By symmetry, the v component of velocity must be surface 
ero on the centerline. By the assumption of continu 
itv, the outboard solution (for which finite v’s directed ; 5 - 
947 2 sin (A@o*) cos #2 > Po; tan ¥ « 3.1.1 
Oem toward the wing centerline are produced by the expan- 
sions over the leading edges) applies up to and including 3.2) An Approximate Method for the Discontinuous Case 


the points of the parabolic line. Hence, in the case of he } ' ve : 
be Tae . . , The boundary conditions on the flow may be satisfied 
the lower bound coincident with or having crossed X» ae mene Jrpbeoess 

by a flow containing discontinuities as well as by one 


, the outboard solution specifies two equal and opposite ape : i 
) (2A locities, while symmetry requires zero velocity nor which is continuous. Having been informed by the 
mal to the plane x (0) — the original issumption a exact analysis that such a discontinuous solution is the 

kK « > uy +4 < < : ? - “ 2 
: ciaciilliatiiaa, abiitiesn Untiis tens aliens: dianeeiiiiasin only one that can exist above certain angles of attack, 


it X- 0 


The critical condition of the boundary meeting or 


one may consider a simplified flow structure of this type 
and devise an approximate method of solution for the 
| crossing X; = 0 is flow adjacent to the wing surface 

rhe discontinuity was interpreted to be an indication 
elena of a shock wave bounding the inboard region of the flow 


mn field, replacing in this sense the parabolic line of the 
> Fig, 3 . LI RIS . - os 
> Fig. NEARISED continuous case. It was assumed that this inboard 













slaxatior 0.4 f BOUNDARY ; . 2 
shock existed for the purpose of turning the outboard 
Bn velocity (which is directed towards the wing centerline 
by the leading edge expansion) into parallelism with 
the central wing chord (see Fig. 6). 
In particular, it was assumed that the shock would 
asl be of such a strength as to completely account for the 
947 ; change in direction of the outboard velocity, and that 
, the two-dimensional shock relations could be used to 
EXPANSION connect the states on either side of the wave. The 
om shock was considered to be planar and normal to the 
me EXACT wing surface in the region adjacent to the wing. In the 
* ool BOUNDARY physical case, some of the flow deviation may occur 
‘etaail behind the shock rather than being entirely accom 
ry. (the plished in the discontinuity. Thus from the assumptions 
hysical made, one would expect the shock given by theory to 
provide an upper limit in strength and an outboard limit 
of th in position for the shock wave occurring in practice. 
wo taal 0.1} While it may be inferred that the shock wave is weak- 
er fan | ened and dissipated by the interaction with the expan- 
a | sion wave as shown by the dashed line in Fig. 6, only the 
ng es : flow adjacent to the wing was considered in detail. 
* last | The flow field adjacent to the wing is thus known 
apne The outboard velocity 
| Cones o" 01 02 3 Ws = (Me? + o,7)"/?(ae/a: (3.2.1) 
of the Xo } ' 
of the ee ce o | at an angle to the centerline of 
: : ai of inboard region, expansion surface, for = : 
’ these Mo = 3,&@ = 4°, 7 = 45° c tan~!'(.M2/a,) — 7 (3.2.2) 
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Flow structure assumed for discontinuous case on the 
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is given by the exact solution. The shock is that two- 


dimensional shock deflecting .1/; through the angle ¢ 


- LEADING EDGE SHOCK 





ind, by the assumption of conical flow, passing through a M, ro Soe 
the wing apex ~ 
3.3) Experimental Investigation oP 7 Mg sinB = My 
\n experimental study of the flow on the expansion Feo. 12. Plane perpendicadar to leading edge, compression sith 
side of a supersonic delta wing was made in the Institute 
of Aerophysics 16 by 16-in. intermittent wind tunnel 
ita Mach Number of 2.50. board region, below the bow shock, is isentropic such 
In particular, it was desired to ascertain (a) whether that the potential equation applies. By the assump 
ie or not there was a quantitative agreement between the tion of a continuous solution between the wing and the 
vw suggested discontinuous (shock) mechanism and that bow shock, the outboard solution applies up to and in 
a of the physical case |the validity of the method of cluding the boundary of the inboard region; such that 
Section (3.2)|, and (b) whether or not there was a sud Eq. (2.2.1) again yields this boundary in the region 
probes for den transition from the continuous to the discontinuous between the wing and the shock. 
type of solution in the neighborhood of the critical angle The upper, curved shock, segment of the boundary 
of attack, &, at and above which theory implies that was first estimated by fitting a quadratic to the shock 
ean only the discontinuous solution can exist [see Section from the leading edge at its intersection by the parabolic 
es 3.1 line and to a point on Y» = 0 (where the shock slope in 
: \ model wing was designed having a flat upper sur the Xo, X3 plane was assumed to be zero) found by 
face, a semi apex angle of 60°, and a +.5° wedge angle averaging the shock positions corresponding to a flow 
perpendicular to the leading edge. Detailed pitot deviation through the same @ by a right circular conc 
pressure surveys were taken throughout the field of and a two-dimensional wedge. The accuracy of this 
flow above the wing for each angle of attack in a range segment was later improved by an iteration process in 
of angles bracketing @,, by means of a pitot rake ad- conjunction with the relaxation solution of the inboard 
justable in three dimensions (see Fig. 7). A schlieren region. 
- photograph of the flow over the wing and probes is 
NE. (INS) shown in Fig. S. 4.2) Solution for the Outboard Region 
ee It was found that the pressure field did indicate the A section perpendicular to the leading edge was con 
presence of an inboard shock as predicted (see typical mee ee i pas = 
; : : sidered in which the shock angle 6,’ as measured from 
pitot traverse, Fig. 9). The theoretical and experi- bi ote 0 toes We 109 te 8 as s 
‘ om sin 6 (See ig. 12) Was lound trom 
— mental strengths of the shocks were plotted (see Fig. 
Q)) in the form of the pitot pressure ratios across them. "Sed sin! ) (.\/, sin 8 sin 4.’ 
&. hese ratios agreed within 5 per cent and showed the 2-'(y + 1) sin a sec (6, — a t (4.2.1 
a theoretical values to be in excess of the experimental as 
S expected. No sudden transition from a continuous to which gave satisfactory convergence. The angle be 
? i discontinuous flow field was noted in the region of tween the shock and the wing is then 6 @,, — a such 
a. The experimental results showed the shock wave that the equation of the leading-edge shock is 
to be established at relatively low angles of attack, in . , ee 
’ ; ' x —(1 + Y.) sin y tan 6 
creasing in strength as the angle increased. 
The strength of the inboard shock is quite small, The Mach Number of the velocity after the shock in the 
— being of the same order as the weak bow shock on the plane norinal to the leading edge was given by 
expansion side of the wing. This bow shock is neglected ioe ; ; 
th @ in first-order theories. The method of Section (3.2) is, M; 2 (ese 8) Cy + 1) tan 6, cot é y= 
thus, one considering effects of second-order or smaller and expressed in terms of the free-stream velocity ot 
—_ in magnitude, and its reasonable agreement with the sound in the form 
expernnental data indicates that it can give useful 
results My = [2 + (Mysin 8)°(y — 1)]'* X 
[2+ M.2A(y7-1 ) Mf 
be t) COMPRESSION SURFACE” Exact SOLUTION The outboard velocity components u, v, w were then 
known as 
40CK 4.1) Boundary of the Inboard Region 
hiss diate : u Py, cos ¥+ Jy sin 7 
. mandi the rr > Me cos Y — a, sin 7 
1 apex was sought to delin- - 0 
cate the outboard region, for which the yawed two- 
dimensional wing solution can be used, from the in- Substitution of these into Eq. (2.2.1) yielded the para- 


board more complex region (see Fig. 11). The out- bolic line segment of the inboard boundary. 
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X; = j {(Po, cos 7 + JM. sin 7) — (®g, sin 7 — M. cos 7) Xe]? X se 
}2-'Me2(y + 1) + 2-2 [(y + 1) cos? B — (y — 1)] — 1f-! 
| a+ x,y) 


4.3) Equations Governing the Inboard Region 


The equation of motion in conical coordinates for rotational adiabatic flow, the stagnation enthalpy being assuny 


constant, yielded the set 


v( Xoo x T X 3Vax T Uoax t W(X vty y T X 3W ox T &Uax,) = a*(Xosax T X 389 x $3 
u(X Vox, T X Vox, TT Max T W(Wox Vox = "Sax 1.3.9 : 
U(XeWax, + NaWox, + Mox,) + V(Vox Wox,) = Q*Sax 1.3 
( 
where Sy l)ye,| such 
wee i ; urb 
S being the entropy and c, the specific heat of the gas at constant volume. 
aa : co ; surf. 
rhe equations of energy and continuity were combined to yield 
; y ft 
a*(Vax, + Wox; Xotax, — X3tax 2—"I(iv uX»)(0/OXe2) + (w uX3)(O0/OX3) ](u? + v? + w 13.4 nag’ 
renect 
The determination of the flow in the inboard region then required the solution of this set of four first-order partial 
differential equations for the four dependent variables u, v, w, s. decr 
The equation of the isentropic lines was seen to be bilits 
, , bv a 
(v uX>)Sox, + (Ww — UX3)sox, = 0 
and a quantity 7 was defined as follows: 
' whet 
{—(v uUX2 Sox ’ ) 
T : ~ (— Xo x,) const. | 135 
((w — uX; Sax: 
A velocity function /* was defined as 
f* = [u — My cosa + Xw + X3(w Mo sin &)][Mo cos &|~! 1.3. 
and the following notation was introduced for convenience in writing: 
U* = (1 + f* — Xsfax,” — Xafox,* 
A* = [2+ (y — 1)Mo?](2M,? cos? &) =! 2-"(y 1) [fox.* + (tan & + foyx,*)? + l 
B* = (X.U* fae * 
ce” = ta” fax.” tan & = + BX, 
N = (B*F + 7r(C*) M* r+ EX; 
kk (Xo + 7X I] = r+ / 
and 
The inboard velocities were then given by 
u (MM cos a) [U* — ENH~—'| 
v = (My cos &)[fox,* + NH] 
w = (My cos &)[tan & + fox,* + rNH-'] while 
The combination of these relations with Eq. (4.3.4) yielded one of two final governing equations, 
fox.ox.*(1 + X2* — BY A*’) + fox.ox,*(1 + Xs? — C¥A*”) + 2foxxs*(X2X3 — B*C*A*” 
(A*H*) '1Go(f*;, T) +- Gi a T) + Gl f*, rT) + Cral f* T)I os 
where 
fox:ox:"(L* ) + foxiox:*(M*)? } 
Go(f*, T) ([17A *) + | axX:0X *(20*M*) — Tox.(L*C*) 
-Tax,(Ad*C*) — HU* rl 
{f'sx.0x.*( -2B*HL*) — fox.ox,*(2C*HM*) Ei 
— fax ax, (2H)(M*B* + CrL*) | " les 
’ y a] r r r 17 
Gi(f*, +r) = (NA) \ +7 o0x.[H(B*C* — A*X2X3) + 2M*L*A*] + 
+ Tox, [f(C* — A*[1 + X;37]) + 2M*A*] — 
was 


+ |[A*HE]| 


S assume 


-T partial 
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foxsox,*[L*2-"(y + 1) — 2-“y — 1)HU + X22)] 
+foxx,"[M*2-“(y + 1) — 2-“y — 1I)H(1 + X# | 
Gry f*, 7) = (N*M) \ +2foxioxs* |M*L*2-"y + 1) — 2-y — 1)HX2X5] 
+ Tox,[—B*M* — 2-'C*L*(y + 1)] 
+ rax,[— M*C*2-"(y + 3)] — H[2-'U*(y — 1] 
rex AyMeL* — 2-4 1) HX2X;] 
G3(f*, 7) = (N%)5+ tox, lyM* Wy — 1)H(1 + X;3?)] 
+ H[2'K(y — 1)] 


In the case of irrotational flow f*, A*, B*, C* reduce 
1, B, C, —BC 


G,(f*, 7), Gilf*, 7), Go(f*, 7), Gs(f*, 7) all vanish 


- respectively, 7 reduces to and 
such that Eq. (4.3.7) reduces to the equation in the per 
turbation velocity potential, /, as used on the expansion 
rhus, the magnitude of .V provides a measure 
The 


are indicated by the occur- 


surface 
f the departure of the flow from irrotationality. 


{* - 


nagnitudes of the G,(/*, 7) 


irrotational solution as the first approximation and re 

) as rotationality correction terms 
While the inclusion of all 
these terms will yield an exact solution, labor may be 
which of too 


garding the G,(f*, 7 
of successively higher order. 
saved by neglecting those G,(/*, 7 are 
small a magnitude to affect the accuracy desired. 

Eq. (4.3.7) 
tions obtained from the governing four. 


represents the combination of three rela 
For the re- 


rence in each of the factor NV’. Since N is commonly maining available condition, Eq. (4.3.2) itself was 
<1, the magnitudes of the G,(/*, 7) may be expected to chosen and written in terms of /* and 7 to become 
decrease rapidly for increasing values of 7. The possi- 
bility is, thus, provided in solving the inboard region > Kri4 > is + Ble 0 (4.3.8) 
by a method of successive approximations—of using the 0 0 
where Ko [C.V2*sax )LY,A * a yB* B*X.A Fy J | 
F { (2X osyx,)(BX2X3X2A* + B*Ah, 27) B*X.C\ 
M1 ( -f7, A +- ky iJ aa F,, 1K f 
K SSox, [BN ol, A* + (A; + 2B*X2G;, »)7] { 
sie \—B*X.B — Ay2C — G.2A + BviK — FL 
K (2say,[2XeXals, 2A* + (B*C*X2X3 + C., Fh. 3)7)) 
Ks 2 x ~ . “a 7 ; , : : 
\—A, »oB _ Gy of - Cx A 7 ky iL _ Fy iM { 
K {sox.[3X3li1, 44* + (Gi, 2? + 2C*X3M), 2)¥7] — Gi. 2B 
\4 ‘ saa Sh : + - ‘ 
' \—C*#N3C + Ax, M + Fi. iN f 
; j2.N359x,(3X2XsN5A* + C*G, 7) — C*YsBI 
Xs ~ ~~, 
' — Fk}, i\ f 
Ke = sox Xs(X,A* + C*9) 
and ky - B*X.F, 1 ky = P, iF; 
ky Y.(B*Ei,1 — 2C*F,, 1) ki = —(Fi.iFi,2 + 2B*X3Fi, 1 
ko (2C*Xki, 1 + Ei, 2F;, 1) ky = X;(2B*E, Ve C*F, l 
k — 2, sha, 2 k; - C*X3Fi,1 
while A U* + Xofax,* re ' IB*X. + mC*XoX 
B U* + X3(fox,* + tan &) Ay, m = IC*X. + mB*X2X; 
C Xsfox,* + Xo(fox,* + tan &) Ti, m = IX2N3 + m(X2X;)? 
E IB*X. —_ mC*XoXs J Xo(XoX; faxsox 
F, IC*¥X, — mB*XoX: ; . Xefoxox < 
Xs = 14 X,? K = Cf ofaxioXs" a X2*fox oX ' 
a : 1+ X;? + 2XoX3NX ofoxioxs*) 
7 2-H — 1) 


lhe system of equations to be solved thus consists 
of Eqs. (4.3.7) and (4.3.8) for the two dependent vari- 


ables f* and r. 


The boundary values for the inboard 


region were substituting the outboard 
fox," at the wing surface 


-tan & in accordance with the as- 


obtained by 
Velocities into Eq. (4.3.6). 
was taken to be 


sumption of an isentropic region of infinitesimal depth 
associated with the stream surface represented by the 
wing. 

The procedure chosen to satisfy this system was 
numerical and iterative. A first approximation was 


made for 7, 
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tan @) 
(4.3.9 


aX ’ X»l "Ay? — lox , 


and Eq. (4.3.7) was solved under this assumption (being 
thus reduced to a form identical with the irrotational 
equation for the perturbation velocity potential), 
vielding the first approximation /*''. The values 
‘ox. and the coefficients of 7 in Eq. (4.5.8) were cal 
culated from the /*'') solution and this equation solved 
for improved values, 7‘. The 7’, /*'" values were 
then used to calculate the functions G;(/*, 7), thus ob 
taining corrections to the residuals found in the relaxa 
tion solution of Eq. (4.5.7) and leading to the next ap 
proximation /*'*’. The cycle is then free to continue 
with an improvement of the solution of Eq. (4.3.8), and 
so on, until convergence to the desired accuracy is ob 


tained. 


4.4) The Adjusted Linearized Solution 


It is important in such a numerical procedure to 
select the best available approximation as a starting 
solution. It was noted from Fig. 5 that the discrepancy 
between the exact and linearized solutions in the apex 
domain is almost entirely a matter of translating the 
curve with only a slight change in shape. Therefore, 
one can obtain a close approximation to the exact solu 
tion in this domain by translating the linearized solu 
tion parallel to the / axis until it matches the exact 
solution at the boundary of the inboard region. 

The linearized methods of solution e.g., reference 
13 use a coordinate system .), %, %; 1n which one of 
the axes (%, say) is coincident with the free-stream 
velocity. To compare the exact and linearized solu 
(ions one must consider the latter in a plane normal to 
‘he wing chord, and translate the line X, 0 (the as 
sumed wing position in linearized theory) to coincide 
with the line ; 
resulting relationships between the coordinates are 


0 (the actual wing position). The 


Xo" t(#, tan 7) X» cot ~ X 
(cos @ + X, sin &@ 
As" (0 tan 7) cot @ X (4.4.1 
X; cos & — sin @ 


= ar 
i. 


cos @ + X; sin a 


such that 


(cos a + X; sin @) } 
if (\Jp~' see &) < + vXy + w(X; cos a sin @) 
| — My (X3 sin & + cos @) \ 
(4.4.2 


These permit calculation of the linearized values of 
/ jor f*"] at the points desired in the X», YX; field. 
Here “i, 3, w are the linearized velocity components 
along the .&, %, &; axes, respectively. 

The linearized solution for f was plotted along grid 
lines X» = constant, X; = constant and the values of 
/ (linear), extrapolated if necessary, were noted at 
intersections with the exact boundary of the inboard 
region. The / (linear) values of each grid line were then 
increased by the quantity [f(exact) — /(linear)] as 
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evaluated at the point of intersection by the bounda; 
A “smoothing” of these values gave the starting go} 


tion. 


4.5) Solution of the Inboard Region 


The relaxation method was applied to the solut; 
of Eq. (4.3.7), the relaxation operator being of the sq 
form as Eq. (2.4.7). With the elimination of residy 
on the chosen finite difference grid, the position of tJ 
shock segment of the boundary was improved. An ite 
ation procedure was proposed, starting from the kr 


point at the parabolic-line - leading-edge shock int 


section. For a specified XY. a pair of values \ : 
X3,;x, were found for the shock trace in the X,, ; 
plane, matching the relaxation field with the free str 
across the shock and satisfying a finite difference eqy 
tion relating them to the preceding points of the sh 
boundary. 

When the new boundary position was thus found, n 
residuals were calculated and eliminated and the bou 
ary position again improved. With the convergenc. 
this cycle for a given grid size, accuracy was increas 
by repeating the cycle on a refined grid. 

When the degree of accuracy obtained 1 this proces 
was sufficient to raise the question of rotationality ¢ 
fects, the solution of Eq. (4.3.8) as a boundary valu 
problem in 7 was considered. The first approximaty 
for 7 was calculated throughout the field (as — B* ( Fic 
from the distribution obtained in the relaxation proces 
The boundary values of 7 were given by the velociti 
of the outboard solution, those for the shock boundar 
segment being approximate to the same order as tl 
location of the boundary. 

The entropy distribution throughout the field w 
obtained by calculating the entropy distribution alon; 
the curved shock and plotting the isentropes from it int ) 
the field. The isentropes were plotted by means oi t! 
r distribution which gave their slopes at every point! 
the field. Entropy, S, was defined by the form 

JdS SF ea (g*pl dt 
such that the change in entropy across the shock bout 
ary was given by!! 
As = [y(7 — 1)] 
J In |[(2q,° ++ IK +! ™ 
:4 y In [(2 + 47 Liq7(4 + | ! 

Here q, is the free-stream velocity component norma 
to the shock surface, / is the mechanical equivalent [ 
heat, 7 is absolute temperature, p is pressure, | 
density, g* is the acceleration of gravity and /* is th ? 
enthalpy. 

The exact values of s were known on the lines X 
and X; = 0 from its definition in terms of the veloctt) ° 
components, being 0 and ~, respectively. This expresses , 
the fact that for X, = 0 the isentrope is normal to th P 
wing while for X; = Oit is parallel to the wing, and all the 
isentropic lines bearing different values of entropy pass P 
through the same point (XY. = 0, Y; = 0) representing g 
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the wing centerline a singular line with respect to 
entropy.t The central region of non-zero entropy 
gradients in which Eq. (4.3.8) must be solved is, thus, 
a curvilinear triangle bounded by X, 0, the shock 
boundary segment and the isentrope proceeding from 
the parabolic line leading-edge shock intersection to 
the wing centerline. 

A relaxation method was considered for the solution 
of Eq. (4.3.8) and residuals were calculated using the 
first finite difference approximation with a square grid. 
The elimination of these residuals yields a 7‘! distri 


bution satisfying Eq. (4.5.8), allowing calculation of 


corrections to the residuals for Eq. (4.5.7) and the 


repetition of the cycle. 


4.6) An Example 


Fora = 4°,7 15°. Mo 3, 1.402 as on the 


expansion side, the solution was calculated. The 


linearized and exact boundaries of the inboard region 


for this case are shown in Fig. 15. In the case of Eq. 


(4.5.8) the relaxation operator based on the first finite 


difference approximation did not give satisfactory con 
vergence and a g 
the residuals. A modified method of attack was indi 


cated, such as a relaxation operator based upon a higher 


order finite difference approximation. The region of 


non-zero entropy gradients and plots of several isen 
tropes are shown in Fig. |4. 
The residuals for Eq. (4.3.7) were calculated to the 


nearest | X 10 For a particular field point, the 


contributions to the residuals of the G,(f*, 7) terms 
were —1.2783 X 10° for 1 Q, 4.8304 & 10-* for 
tm |, 5.1442 XX 10-* for 2 2, and 1.2670 XK 10 

for? = 3, illustrating the negligible order of magnitude 


of the higher order rotationality correction terms. 
A comparison of the linearized and exact f* distribu 
tions on the wing surface in the apex domain is shown in 


Fig. 15. 
(5) THE Exacr AND LINEARIZED SOLUTIONS COMPARED 


The magnitude of the f (or f*, as applicable) values 
as calculated by the linearized theory is seen from Figs. 
5 and 15 to be, on the average, 13 per cent too high in 
the apex domain on the expansion surface and 32 per 
cent too low in the same region on the compression sur 
face of the wing. 

When the linearized solution is translated parallel to 
the f (or f*) axis until it matches the exact solution at 
the exact boundary of the inboard region, Section 
(4.4), quite good agreement with the exact solution is 
This indicates that the 


obtained (see Figs. 5 and 15). 
main part of the error made by the linearized solution 
is due to the approximation of the boundary conditions 
on the inboard region rather than to the approximation 


of the governing equations. 


f Subsequent to the submission of this paper it has been 
brought to the attention of the author that such entropy singu 
larities are discussed in Volume VI, Chapter H_ 15, of the Prince- 
ton Series, ‘High Speed Acrodynamies and Jet Propulsion.”’ 


raphical method was used to eliminate 
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The comparison between the exact C, and the 
nary linearized C, is given in Fig. 16 for both wing « 


faces. The linearized magnitudes in the apex don 


average || per cent greater than the exact on the, 
pansion surface and 16 per cent less on the compressi 
surface. The relatively better agreement of th 


t* 14) 
Values 


values, considering that shown for the f (or, 
is due to the manner in which the latter functions ent; 
into the equations determining C,. Finally, the re] 
tive distribution of the linearized and exact C, values 
such that the integrated areas to determine lift diff 
by 2 per cent, the linearized values showing an unde 


estimation by this amount. 


(6) THe Meruops REVIEWED 


The “inboard shock model” of Section (3.2 provide 
a sunple solution considering second-order effects on th 
expansion surface of the wing. The experimental p 
sults indicate that the actual flow mechanism is reas 
ably well described (see Fig. 17 

The ‘‘adjusted linearized solution’ of Section 
permits the attainment of a solution very near the exact 
by the relatively simple procedure of calculating th 
exact outboard solution and the usual linearized soly 
tion. A further refinement results from the accumu; 
tion of exact solutions which provide an empirical fa 
tor, k*, capable of matching the f (or f*) distributions 
at the field centerline as well as at the boundary, th 


example considered indicating k* 0.24 on the e 


pansion surface and k* 0.31 on the compress 
surface. The improved value for / (or /*) along a lin 
YX; = constant is then 

f = fiinear{ | + fell + &*Xoy—"(Xuy — X2)]} 
Aft VJesecs hinear) (Stinear) 2 evaluated at the boun 


ary and Xo, is the boundary intersection coordinate 

Similarly, an empirical factor arises to improve tl 
initial shock boundary estimate. The wedge-cor 
arithmetic mean of Section (4.1) is shown with tl 
calculated boundary in Fig. 18, and it is noted th 
weighting the average in favor of the wedge in a 3 to: 
ratio would have given much better agreement 

While considerable labor was required to calculat 
the rotationality corrections, it is apparent from th 
example considered that for many purpeses one woul 
not be concerned with this, the magnitude of the cor 
rections being small. On the other hand, the exact 
and /* (uncorrected for rotationality) distributions 


reasonably easy to obtain 
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structural damping parameter 
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(1) The elapsed time involved in determining a net- 
work of solutions, which will be shown to be a definite 
characteristic of the problem due to required variations 
of the structure and the aerodynamics, should be well 
within the time the airplane design is ‘“‘frozen’’ in order 
that the results obtained may be of use. 

(2) The results should enjoy some reasonable guar- 
antee that they are correct as well as make “‘engineer- 
ing sense.”’ 

The realization of treating problems to a high degree 
of complexity—prior to the development of high-speed 
computing machines, both digital and analog —appeared 
remote. However, in recent years the computing 
facilities necessary to overcome these difficulties have 
not only been developed but apparently have been 
incorporated in the engineering forces of major air- 
craft companies. The purpose of the present paper 
is to review the possible approaches to the various 
phases of aircraft dynamics problems and also to ex- 
amine the optimum methods in terms of both the 
analog and digital facilities for successful solution of 
these highly complex problems. The optimum method 
should be based on integrating both the analog and 
digital facilities such that the best features of each 
would be available to overcome the two previously 
mentioned problems. 

Details of a suggested method are given as well as 
numerous examples for various dynamics problems. 
The advantages and disadvantages of the method are 
discussed. Finally, examples are given which not only 
illustrate the methods but also point out the manner 
in which the two basic problems previously mentioned 
are overcome. In addition, detailed examination of 
the examples provides numerous suggestions for future 
research. 


AIRCRAFT DyNAmMiICc LOAD PROBLEMS AND SOLUTIONS 
AT VARIOUS DESIGN STAGES 


As implied by the word ‘‘dynamic,’’ the aircraft 
problems of interest in this paper are those which in- 
volve the element of time. Specifically, they are aero- 
elastic problems such as flutter, airplane dynamic sta- 
bility as affected by wing and tail elasticity, gustloads, 
as well as vibration problems which involve landing and 
taxi load investigations. Examination of the char- 
acteristics of each problem indicates that a major por- 
tion of each is common to all of the problems. As a 
result the study of a variety of phases of airplane dy- 
namics could be made with the same computer set-up 
with relatively minor modifications. The study of 
these problems can be broken up into stages which are 
predicated by the design development of the airplane. 
These stages consist of: (1) preliminary design, (2) 
shake test, (3) final analysis. 
and significance of each stage will be discussed and the 


In this section the need 


character of the required solutions will be indicated. 
Preliminary Design Stage 


The preliminary design stage of an airplane offers the 
dynamicist the opportunity of determining the ade- 
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quacy of a design which is primarily set by perfory 
ance, stability, and maneuverability criteria at a tin, 
when the design is still not frozen. As noted in th, 
Introduction, the trend of present and future air 
planes indicates the need of increased cousideration 9; 
elasticity effects in the overall optimum design. [np th, 
past the role played by the dynamicist at this desig 
stage has been to offer an opinion, on the basis of ey 
perience on previous designs, as to the possible difj 
culties the configuration would encounter. They 
difficulties, if still present after the configuration js 
built, could be counteracted by beefing up the structur 
or by judicious use of balance or ballast weights. 0); 
the present and future designs such a philosophy may 
not be adequate and could result in a final configuratio; 
that is unduly penalized by an unnecessary weight in 
crease since an easy “‘fix’’ may not be possible. [y 


addition the airplane would be placarded in the interim 


resulting in an expensive and time-consuming flight 
test program. Such a state of affairs must obviously 
be avoided if possible. 
anticipated if the dynamicist could reliably catch the 
dynamics problem in the preliminary design stage 


Similarly, a desirable configuration from other view- 


points may be discarded as too great a gamble flutter 
wise, merely because the flutter analysis will not be 
available until the airplane is built, and it is too late 
to change. 

The principal difficulty in determining significant 
“engineering results’ in the preliminary design stage 
is the restricted availability and accuracy of the data 
both structural and perhaps aerodynamic (if the design 
is radically different, requiring experimental testing to 
help define the aerodynamic coefficients). Two possi 
bilities exist at this point: 

(1) The analyst can direct his efforts principally to 
refining the data to a higher degree of accuracy and 
therefore postpone the preliminary analysis until such 
time as the data are accurate enough to warrant an 
analysis that would lead to significant ‘engineering re 
sults.”’ 

(2) An analysis can be made based on available data 
realizing its inadequacies and shortcomings with the 
intention of first getting a ‘‘feel’’ for the problem and 0! 
determining what structural or aerodynamic parameters 
have the most effect on the solutions. In contrast 
those parameters which have a relatively minor effect 
can also be determined. At this point further investi: 
gation of those parameters which must be known to 
a higher degree of accuracy for adequate engineering 
results can be pursued by more detailed study or by 
experimental techniques involving carefully scaled 
models. 

In view of the limited time available for performing 4 
successful analysis while the airplane is in the early de- 
sign stage, the second choice appears to be the most 
logical. During the investigation of the preliminary 
design an unsatisfactory condition in terms of stability, 
such as flutter, may appear. Through the use of many 
parameter variations the most logical ‘‘fix’”—that is, 
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the one requiring the least weight increase and com- 
nlexitv—can be determined. Recommendations could 


then be given to the design group for possible incorpo- 


ration in the design. 

In the preliminary design stage some verification of 
‘he aerodynamic force and moment representations for 
the flutter and gust problems should be obtained. In 

me cases, depending upon the speed range and con 
figuration, the aerodynamic representation used may 

e similar to previous designs for which the aerody 
namics have been verified by flight-test experience. 
However, in investigation of configurations which are 
ically different and can attain speeds well beyond 


} 
Ml 


as 
hose 


previous designs, the validity of the aerody- 
imics must be established. Careful experimentation 
mploving wind-tunnel or free-flight models together 
with careful analytical studies appears to be the most 
logical approach. Once again the same problems face 
the analyst. The models and the desired information 
obtained from their study must be available prior to 
the final analysis stage in order to be of use. Conse 
juently, the models cannot be made to represent the 
\irplane exactly in stiffness and mass properties and, of 
course, cannot represent all of the degrees of freedom 
except at impractical cost of both money and time. 
However, the results from the preliminary analysis 
provide some information as to the critical degrees of 
freedom or modes that are coupling to cause a possible 
In some cases several such problems 
may exist, on the wing The 
nodels can be constructed to simulate the aerodynamic 


flutter problem. 
as well as on the tail. 


shape exactly but unfortunately can simulate only the 
mechanical modes of significance approximately. In 
some cases several significant modes may have to be 
As a 


result an analysis of each model is required to insure 


ignored, such as those due to fuselage motions. 


that the differences between the model and the airplane 
ire properly accounted for in interpreting the signifi 
cance of the aerodynamics used in the analysis when 
comparisons of the calculated model response with the 
observed model response characteristics are made. 
Since agreement of analysis with one or two test points 
may be only fortuitous, it is desirable to have sufficient 
test points in each range of Mach Number to give a 
real test of the aerodynamics used for each range. 
his is usually accomplished by varying such param 
as stiffness, weight, inertia, and unbalance of 
Thus, a complete structural, vibration, 


eters 
the model. 
and aerodynamic analysis should be made for each 
model in addition to the previously mentioned work 
Also, 


necessary to 


necessary on the airplane. variations of the 


aerodynamics may be determine the 
proper adjustments to match the observed model test 
results. All of these calculations must be made prior 
to the final analysis of the airplane. 

Thus an analysis in this stage has many desirable 
features. However, the following requirements must 
be recognized if the results of the analysis are to be 
useful. 


(1) A large number of degrees of freedom are often 
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needed since significant degrees of freedom—say, for 
flutter 
Also the aerodynamic terms become increasingly larger 


may not be readily predicted for a new design 


compared to the corresponding structural inertia terms 
for thinner, more flexible lifting surfaces at transonic 
and supersonic speeds indicating the need for sufficient 
degrees of freedom for good representation of the flutter 
modes. 

2) A large number of solutions are required 

3) Some means of guaranteeing that the calculations 
are correct must be established. 

These requirements are impossible to meet without 
a facility 


a high-speed computing facility. Once such 


is available, then the requirements are only difficult 
to meet. However, these difficult requirements can be 
satisfied by an integrated method of analysis involving 


both analog and digital facilities 
Shake Test Stage 


The next stage of importance to the dynamicist in 
volves the vibration or shake test of the airplane. As 
many dynamicists know, the results obtained in these 
tests play an important role in the studies that follow; 
consequently, careful attention should be given to these 
tests to insure adequate correlation with the calculations 
made in the preliminary design stage. Correlation of 
the observed and calculated vibration results allows 
for a means of determining the validity of the me 
chanical representation used. Differences that occur 
can be attributed to two primary reasons |) selection 
of proper as well as adequate number of degrees of 
freedom, and (2) accuracy of structural data 

Detailed comparisons of the modes are usually suth 
cient for evaluation of the first item. The second item, 
however, is not readily evaluated by mere inspection 
but usually necessitates numerous calculations involv 
ing a large number of variations of structural param 
eters. Such a network of solutions supplies the dynam 
icist with a means of determining the optimum match 
of the observed shake test results requiring the most 


f the initial structural data. 


reasonable adjustment ¢ 
The optimization should be based on not only the match 
of frequencies but also mode shapes, node lines, and 
relative phasings and amplitudes among the modes 
The effects of the landing gear or airplane suspension 
may be significant in the observed shake test results, 
and consequently, its effect should be included in the 
analysis when adjustments to the structural data are 
made. Of course, this stage also presents a crisis (ex 
cept in those fortunate cases where it is obvious that 
no serious dynamic problems exist) in view of the allow 
able time required to match the observed shake tests 
since the first flight date of the airplane is not far off. 
A final analysis check, say for flutter, has to be made 
prior to the first flight date, and time must be allowed 
for this investigation. 

Thus the success of refining the analysis at this stage 
depends again upon the previously mentioned require- 


») 


ments: (1) large number of degrees of freedom, (2) 


large number of solutions, (3) limited time for deter- 
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mining solutions, and (4) a guarantee solutions are 


free of errors. 


Final Analysis Stage 


The final analysis stage permits the dynamicist to 
determine the effects of changes in structural repre- 
sentation necessary to match the shake tests as well as 
in aerodynamic representation to match observed 
wind-tunnel or free-flight model responses on the final 
results. In addition a reorganization of the pertinent 
degrees of freedom may appear warranted as a result 
of the knowledge obtained in matching the observed 
shake test results together with the aeroelastic sta- 
bility or dynamic load results obtained in the prelimi- 
nary analysis. For instance, the flutter investigations 
may indicate that the critical flutter speed of the air- 
plane involves the coupling of essentially two or three 
vibration modes on a particular surface. The modes 
on the remaining surfaces or structure may have a 
relatively minor effect on the critical mode. Conse- 
quently, a more refined definition of the critical modes 
could be made by redistributing the degrees of freedom. 
In addition the pertinent degrees of freedom for gust, 
landing, and taxi loads may not necessarily be com- 
patible for optimum representation for each problem. 
Thus a certain amount of further reorganization (much 
of it should be already planned from the results of the 
preliminary analysis) may be necessary and must, of 
course, be done rapidly and accurately, implying again 
the need of an integrated method of analysis. 

Since the representation of aerodynamic forces and 
moments are usually neglected in the landing and taxi 
load investigations, these studies should be considered 
as final since the refinements, which resulted from the 
shake tests, have been included. 

Possible flutter difficulties in the speed range of the 
airplane may appear not only as a result of changes in 
the structure to match observed shake tests but also due 
to changes in the aerodynamics to match observed 
wind-tunnel or free-flight model responses. Thus the 
‘“fix’’ required for minimum weight increase should be 
determined by parameter variations as quickly as 
possible, since the initial flight date of the airplane 
could be within a few days. Numerous additional con- 
figurations could also be anticipated and investigated 
at this time, such as addition of external stores. 

In summarizing the characteristics of the work in- 
volved in the final analysis stage, the same pattern 
indicated for the other two stages is seen to exist for this 
stage. 

(1) The problem may be complex due to the large 
number of degrees of freedom required. 

(2) A large number of solutions may be necessary to 
cover completely the possible loading conditions and 
configurations of the airplane over its speed range. 

(3) The time required to obtain the large number of 
solutions is even more critical at this stage since the 
flight date of the airplane is within a few days from the 
time the airplane is shake tested. 
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(4) The calculations must enjoy some reasonahy 
guarantee of correctness as well as make good engines 
ing sense. 

This section has provided some light on the natuy 
the dynamic analysis problems involved in the develo; 
ment of an airplane and has indicated the philosoph 
of the solutions required for each design stage. It ; 
felt that in order for the dynamicist to be of assistan 
to the design group before the design is frozen, tf 
dynamic analyses must be obtained according to th 
repeatedly mentioned requirements. The attainmen 
of this goal is impossible without the aid of high-spe 
computing machines. Once these machines are ayai] 
able, the feasibility of performing the necessary caley 
lations exists. The remaining problem faced by th 
dynamicist is one of determining the optimum use ; 
the computing facilities to attain the desired goals c 


fined herein. In the next section, the characteris; 


features of available computing facilities, both analog 


and digital, as well as existing methods for studying air 


craft dynamic problems, will be reviewed and discussed 


in light of the existing needs previously outlined. 


ANALOG AND DIGITAL METHODS OF ANALYSIS 


In describing a complex physical structure for the 
purpose of analysis by means of any computing tech 
nique, a primary consideration is that of reducing the 
given physical system to a system having a finite num- 
ber of degrees of freedom. In general, all computa- 
tional methods are restricted to the consideration of a 
limited number of degrees of freedom. The problen 
then becomes one of retaining all of the significant char 
acteristics of the physical system within the limitations 
imposed by the particular method employed. Various 
representations have therefore been evolved which ac 
complish this reduction. Since each of these represen- 
tations is necessarily an approximation, the final evalu- 
ation of each must be made in terms of the particular 
application. Certain conclusions, however, may be 
drawn from a consideration of the general character 


istics of some of these methods. 


Analog Methods 
(A) Modal 
physical system is through the use of a modal-type 
Here, the motion of the physical system 1s 


A common means of representation of a 


analysis. 
assumed to be represented by the linear combination of 
a limited number of modes. These modes must be 
chosen to include all the relevant types of motion of all 
coordinates of significant importance in the system. In 
practice, the modes chosen are usually the lower order 
vibration modes (either normal or uncoupled) in the 
important degrees of freedom of the system. 

The description of a mode of a distributed physical 
system involves the assumption of a deflection curve 
which is a function of a space-wise dimension. The 
deflection curve should approximate the true deflection 
of the system in the particular mode and is choset 
either on the basis of analytical or experimental results 
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r from previous experience. Once this deflection 
rve has been prescribed, the generalized inertial, 
xlynamie properties of the system may 


The 


generalized properties involves an 


lastic, and aer 
e determined for motions of this mode. deter 


nation of these 
tegration with respect to a space-wise dimension. 
The differential equations of the modal system are then 
‘ved from the Lagrangian energy principles as 


oplied to these generalized properties. Electronic 
BEAC or REEVES 
re normally used to simulate the resulting 


ifferential ilvzers such as 

mputers a 
liffe rential equ 1ti0ns. 

It will be noted that the modal approach results in a 
two-fold the 
system 

The number of degrees of freedom is restricted 


simplification of distributed physical 


to those of importance to the particular analysis. 
2) The three the dis 


tributed physical system are replaced by equivalent 


limensional properties of 
two-dimensional properties. 

B) Finite d 
method, a distributed physical system may be repre 


fference—As an alternative analog 
sented by assuming the properties of the system to be 
This lumped 


parameter system is then described by means of finite 


meentrated at discrete intervals. 
lifference equations, which are in turn represented by 
n analog computer. The computer which most com 
monly utilizes this method of representation is the net- 
The 


work analyzer utilizes passive electrical circuit elements 


work analyzer or direct analog computer. net- 
to represent the discrete structural parameters of the 
the 


computer, both the electrical quantities, voltage, and 


ipproximate physical system. In direct analog 
current, are analogous to quantities of the mechanical 


system. Two analogies are widely used: the loop 
inalogy, wherein electrical voltage is analogous to me- 
chanical force; and the nodal analogy, wherein elec 


The 


nodal analogy is generally preferred in the representa- 


trical current is analogous to mechanical force. 


tion of structural systems; this is due in part to the 
close topological similarity between the resulting elec- 
trical circuit and the structural system. Since me- 
chanical quantities are usually translated directly into 
electrical quantities without reference to the differential 
equations of either the mechanical or electrical system, 
this topological similarity is an important characteristic 
ot the nodal analogy. 


+} e+ . M4 
the mechanical system, e 


The external forces applied to 
._g., aerodynamic forces, are 
represented by the analogs of the differential equations 
of these forces, much as is done in the case of the dif- 
lerential analyzer. In this case, however, current gen 
crators are required as well as voltage amplifiers, since 
current and voltage both represent mechanical quan- 
luties. 

Although each of the two methods, modal and finite 
difference, has been identified with a particular type of 
inalog computer, variations of these methods are used 
in Conjunction with either type. Differential analyzers 
have irequently been used to represent the finite dif- 
‘erence equations of distributed mechanical systems. 
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More recently, a method has been devised wherein 


mechanical properties are simulated in differential form 
by elements of the differential analyzer, and these ele 
finite 
In the 


ments are interconnected im accordance with 
difference equations of the mechanical system 

case of the network analyzer, frequent use is made ol 
Saving ol 


modal repre sentation in order to achieve a 


electrical circuit elements. This is usually done in 


representing a subsidiary portion of the structure, such 
as a fuselage, where detailed information is not a r¢ 


quired part of the solution. 


Digital Methods 


The methods used in the solution of aircraft dynam 
ics problems with high-speed digital computers parallel 
quite closely those described in conjunction with analog 
computers. Modal-type analyses are commonly used 
with digital computers in much the same manner as 
with analog computers, with one principal difference 
the generalized coordinates in the digital analysis are 
usually assumed to be prescribed functions of time 
i.ec., to have only simple harmonic motions. In some 
cases, as for landing or taxi loads, limited time histories 
are computed for discrete forcing functions The as 
sumption of harmonic motion is certainly true in the 
case of the free vibrations of a conservative system, 
and while it is not in general true of a mechanical system 
under the influence of aerodynamic forces, the assump 
tion is valid for those critical cases where the aero 
elastic system becomes neutrally stable. In other 
cases, harmonic motions are obtained by the addition 
of an appropriate damping or driving force to the me 
chanical system. The differential equations of the 
homogeneous 
The 


solutions of the characteristic equation of the system 


modal system are then expressed as 
equations containing an unknown frequency. 
are then obtained by numerous methods such as matrix 
iteration, or fraction series, etc., and the frequencies 
so obtained are the desired vibration frequencies or 
flutter modes, as the case may be. The magnitude 
and sign of the required damping (if any) is then taken 
as a measure of the stability of the given root of the 
system. 

Finite difference techniques may also be applied to 
the solution of dynamics problems on digital com 
puters. The mechanical and aerodynamic properties 
of the system are described in terms of discrete stations 
or panels of the distributed structure. The equations 
of motion of each station are expressed in matrix form 
in terms of the summation of forces at each station 


The summation of these forces—-elastic, inertial, and 
is performed by the use of integrating 


these 


aerodynamic 
matrices which prescribe the distribution of 
forces. This formulation results in equations of motion 
of finite difference form which replace the partial differ- 
ential equations of the distributed physical system 
The equations obtained in this manner are time- 
dependent functions. As such, they are not in an ex- 
means, especially 


The 


pedient form for solution by digital 


when aerodynamic forces must be considered. 








726 JOURNAL OF THE 
motions of the system are therefore normally restricted 
to harmonic oscillations, and the equations written as 
functions of frequency. This set of equations is then 
solved as an eigenvalue problem by means of matrix 


iteration. 


Comparison and Evaluation of Methods 


(A) Analog—(1) Modal systems: The use of modal 
systems with analog computers has the advantage 
that it requires a minimum of electrical circuit param- 
eters for a given complexity of structure. This feature 
is, indeed, the principal attraction of modal analyses. 
As might be expected, however, this simplicity of repre- 
sentation gives rise to other characteristics which are 
less desirable : 

(a) The fact that the generalized structural param- 
eters are obtained from space-wise integrations of the 
original system parameters means that localized struc- 
tural or inertial changes are not simple to perform. 

(b) The deflection curves which are assumed in modal 
analyses represent constraints on the system, which may 
have a significant effect unless the advantage of sim- 
plicity is lost by using many modes. The inclusion of 
these constraints assumes that external forces have no 
significant effect on the mode shapes. 

(2) Direct analog systems: Direct analog representa- 
tions as applied to the network analyzer offer several 
formidable advantages: 

(a) Complex structural systems may usually be 
analyzed without specific reference to the differential 
equations of the systems. 

(b) Since the mechanical system is represented di- 
rectly on the computer, the complete aircraft dynamics 
The 
changes in set-up from static deflection tests to free 


problem may be solved with one general set-up. 


vibrations, to flutter analysis, to gust response studies, 
etc., are accomplished in a very short time. 

(c) The high degree of identification between elec- 
trical quantities results in extreme convenience in 
making localized changes of structural parameters. 
To expedite these parameter changes, the passive elec- 
trical circuit components of the network analyzer are 
variable over a wide range of values in small increments. 

(d) The short time required for the actual machine 
solution, coupled with the ease of making parameter 
changes, makes possible the investigation of a wide 
range of structural configurations in a relatively short 
time. In this way, the significant parameters in a 
particular analysis are readily ascertained and investi- 
gated in detail. 

The use of the network analyzer in the solution of 
dynamics problems is not, however, free of disadvan- 


tages: 
(a) The analysis of complex structural systems 
necessarily results in complex electrical circuits. Each 


element of the circuit representing the structure must 
be set to the appropriate value and correctly connected 
into the structure. The aerodynamic forces are simu- 
lated through the use of active elements, and these 


electronic devices are, of course, subject to failure or 
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malfunction. One of the most difficult phases of t] 
analysis is that of ascertaining that the set-up is corree 

(b) Although the electrical elements used in the ne 
work analyzer are the best quality obtainable, they a; 
not perfect. The parasitic effects associated with thes 
imperfections may be minimized by the proper choj 
of element values, but in some cases these effects a 
difficult to evaluate. 
small amount of damping which is necessarily prese; 


This is particularly true of ¢j 


in any circuit containing inductors or transformers 

(c) Since the network analyzer has been used pris 
cipally in analyses employing classic two-dimensiona 
incompressible theory, the use of other aerodynami 
theories generally requires some development of th 
associated circuits. 
limitation of the computer, it may be a serious difficult 


if close cooperation between the aerodynamics grow 


and the computer group is not maintained. 
(B) Digital—(1) Modal systems: 


computers in modal analyses is characterized by th 


same general advantages and disadvantages as wer 
mentioned in conjunction with modal analyses wit! 
analog computers. The principal differences betwee: 
these two methods are: 

(a) The accuracy of solution is inherently better i 
the case of the digital computer. 


(b) The digital computer requires a solution tim 
which is considerably longer than that of the analog 


computer 
must be considered. 
(2) Finite difference methods: 


difference techniques with high-speed digital computers 
is in many respects similar to the use of direct analog 


representation. This method of formulation elim 
nates the necessity of prescribing deflection shapes; th 


motions which are represented are not limited by art 


ficial constraint except due to the number of panels 


which may be included in the analysis. 
stages of the analysis—-static deflection tests, vibratio 
test, flutter 
which are very similar to those required for the analog 
The resulting eigenvalue problem is solved by means 
matrix iteration; this technique provides the means 


discontinuing the solution after a specified number 0 


roots are obtained. 
on the problem and its counterpart solution obtaim 
on the analog for comparisons. 

The time required for the formulation and set-up 
the problem is comparable to the time required for th 
network analyzer. Th 


same operation using the 


the 


principal advantage of the digital method over U 


corresponding analog method is due to the inheret! 
accuracy of the digital computer. In general, th 
digital computer may be considered to solve exactly tt 


problem which is programmed, while the network a! 
alyzer involves certain inaccuracies even under optimul 


conditions. The digital method, however, requires 4! 


appreciably larger solution time than the analog !! 
repetitous solutions of the kind required by parametel 
Although this longer solution time may 1° 


studies. 


Although this is not an inherent 


The use of digital 


that is, when many parameter variations 


The use of finite 


Successivt 


may be performed using digital programs 


This number, of course, depends 


Sug: 
Di 


ANALOG AND 


a be significant if the number of solutions is small, the 
P 1S Correct 
in the net 
le, they ar 
| with thes 
Oper chox 
effects ar 
true of th 


of the dynamics problem indicates that the 


nature 
Therefore, the 


number of solutions required is large. 


{ the digital method by itself is seriously restricted. 


use ¢ 


Suggested Method Based on Integration of Analog and 
Digital Machines 


ily \s noted previously, the analysis of a complex dy- 
Y preser . 2 “ 4 "i: 
f namic system usually requires a large number of solutions 
stormers v7 ‘hee page ste 

conve o wide variations of the significant parameters 
used prit volving Wi hy : - I : 
if the system These solutions, however, must often 


limensiona “tI oe el 1 ti 
| ine 4th a minimum ol! elapsed time and must 
rodynami ye obtained wit | 


ent of th 


he 


free both of system errors and errors in machine 
set-up. The finite difference or “‘panel” method using 


n inherent ; 
the digital and analog computers in an integrated 


S difficult) , ° — 
nics group | Manner provides a means of achieving these desired re- 

‘| cults. The advautages of both computational systems 
ire obtained 
speed of solution using the direct analog computer as 
well as a continued check on the accuracy of the solution 
using the digital computer. The fact that the 


inalysis is performed by two independent methods is 


Pas the ease of parameter variations and 
> of digital 
ed by th 
‘S aS wert 
' , very 
lyses wit : 
s betweer aes ; ; 
assuring elimination of 


f course advantageous in 


The realization of the full capabilities of the 


errors 


’ better ir snes ; 
integrated digital-analog method is most nearly attained 
tion time | When both computers use the finite difference or ‘“‘panel”’ 
ipproach. This formulation results in optimum com- 


he analog | hie a he divital | 
ee patibility between the digital and analog systems anc 

variations |!" a a ; 5°. 

provides for comparative checks of the two systems at 


each stage of the analysis elasticity, vibration, and 


of finit ee us ave : 
oil aeroelastic stability checks. The description of these 
‘Omputers - . : . 

| check procedures will be given in detail. 
ct analog 


on elimi 


japes; the | DEescRIPTION OF DiRECT PANEL AND ANALOG METHODS 


1 by arti- | , 

oe In the previous section the various methods for 
oO pa Leh) e . ‘ ° ° 
; dynamic analysis as well as their solution on both 
LuCCcessIve m4 ° 

vibrat malog and dig tal computers were reviewed and ex- 
ribratior ; a 3 : 

unined for determining an improved approach for solv- 

programs 


; ing aircraft dynamics problems. A suggested method, 
le analog ae. f : ; 
; in terms of the requirements for dynamic analyses at 


means 0! | : 
| each design stage, is an integrated approach employing 
means 0! — me a 1 
oth the analog and digital computers. This method, 
umber 0 


banal which utilizes finite difference approximations for both 
Ge pena ° . ° . : : 
| computers, 1s described in this section by a simple ex 


obtaine: 


PF ampk 
set-up I ave ee we 
1 for th sample of Digital Finite Difference Solutions for 
d for uk Cantilever Wing Bending-Torsion Motion 
er. The 
wer & Consider a wing restrained such that its torsional and 
: bending deflection ; nding slope is zero ; 
inheret ( is well as its bending slope is zero at 


ai the root. Assume that the wing acts as a simple beam 
ee that 3 ? ’ 
ictly the Matis, rts structural properties can be represented by a 


torsional stiffness parameter, GJ, a bending stiffness 


vork an - 

‘ , parameter, / and n © eo > P 
yptimun aa an elastic axis, e.a. Also assume 
: that its properties ; oive cified cn: 73Iee P 

uires al ahi, ire given at specified spanwise sta 


The differential 


equation relating the torsional deflection Qa, positive 


alog for ions such as illustrated inl Fig. l. 
c 4 “ . 


rameter : 
ae ‘eading edge up, as a function of accumulated torque, 
nay T10t 7 , ts : 
*, Can be written in several forms. The most con 
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Fic. 1 Definition of geometrical parameters and wing stations 


used in analysis 


venient, from the standpoint of numerical evaluation, 


is the integral form given as 
a — (] 
- 


where }’/2 is the exposed or structural span of the wing, 
and n* is the normalized span coordinate illustrated in 
Fig. 1. The accumulated torque, 7, can be conveni 
ently expressed in terms of the running torque, f, which 
at specified spanwise stations are due to inertia or aero 


dynamic loading. 
t dn* (2 


The equations relating the running torque to the torsion 
and bending motions of the wing are quite complex 
since for the general dynamics problem both inertial 
and aerodynamic forces and moments give rise to this 
quantity. For convenience general expressions can be 
used to illustrate the digital approach without specify- 
As- 


sume that the running torque, positive leading edge up, 


ing the details of the aerodynamics of the wing. 


is due to aerodynamic and inertial forces 


} } is 3 
lgero linert ’ 


The expression for the inertia contribution in terms of 
the coordinates a and h, where / is positive down and a 


is positive leading edge up, is 


finertia —pezsch — plese + la f 


where uw is the running mass, esc is the distance of the 
center of gravity from the elastic axis, pe sitive aft, and 
r is the radius of gyration of the section 

The aerodynamic running torque is extremely com 
plex for time-dependent motion; as a result numerous 
simplifying assumptions are necessary to permit evalu 
ation. A general expression for aerodynamic torque 
can be written which will allow for introduction of its 


principal characteristics. 


pl [7.-a T 


bere (1/2 
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where p is the density of air, V is the forward velocity 
of the wing, c is the local chord, and é a reference chord 
(usually the mean aerodynamic chord). The aerody- 
namic coefficients 7, and 7), are of course the quanti- 
ties which depend upon the particular transient aero 
dynamic theory used and the type of motion. For 
digital analysis simple harmonic motion is assumed 
such that solutions can be obtained in terms of eigen- 
values. Similarly, this assumption is applied to the 
inertial terms which then provide not only compati- 
bility of the inertial and aerodynamic terms but also a 
means of determining the natural frequencies of the 


system. On this basis Eq. (4) simplifies to 


w*ye3ce(h/C) + w*u[(esc)? + ra (6 


tine rtia 


The remaining step is that of combining Eqs. (1), (2 
(5), and (6) into a single equation and providing a 
means of performing the required integrations with the 
viewpoint of rapid and efficient evaluation by digital 
operations. The nodal analog representation provides 
a means of performing these two operations automati- 
cally. If one were to attempt to simulate the analog 
representation, the first step would be to relate the in- 
tegral expressions, Eqs. (1) and (2), by trapezoidal 
approximation. Such a numerical approximation is 
the most convenient from the standpoint of the analogy. 
For the digital representation no restriction is required 
as to the type of numerical approximation. In fact to 
provide increase in accuracy for a given number of 
degrees of freedom (spanwise stations) and length of 
time, for evaluation, the parabolic type of integrating 
approximation such as Simpson’s rule (with modifica- 
tions for nonuniform increments) is suggested for digital 


evaluation. On this basis Eq. (1) can be written as 


4 /s)y b { 9 “ ho > 1 1 
6) b’/2 (1]” Cen) { qT" - tt = w") | ue3cc | h/é} — {u( (esc) * — a 1 ays 7. 
yoy . . +5 \é ’ 7) <9 i i nm } misit(2nife- 
(GF esos GJ (1 2) p VE? |(c é)*] ) [Ta] , at + [T,] jh ae 
TABLE 1 
Values of Integrating Matrices: [I], [I]”, and [II] for Spanwise Stations n* = 0, 0.2, 0.4, 0.6, 0.8, 0.9, 1.0, Based on Parabolic Ar 
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where ; } denotes a column matrix where the first ya} 
represents the value at the root and the last correspon 
to the tip. 
sired numerical integration from the root to a spanwis 


The square matrix [I]” performs the 
location for a set of spanwise stations. The diago 


matrix |(GJ)roor/G/J| is a nondimensional _ torsio 
stiffness matrix describing the stiffness values along t! 
span of the wing. A typical set of values for the 
matrix based on parabolic arc approximations at sp 
0, 0.2, 0.4, 0.6, 0.8, 0.9, and 1.6 
derivation of the 


For the 


wise stations n* 
given in Table I. A numbers 
Table I is given in reference 1. convenien 
of the reader the notation used throughout the digit 
presentation is similar to that also used in reference | 

The numerical equivalent of Eq. (2 
in matrix form using numerical integrating approxim 


tions. 


where the square matrix [I] performs the numeri 


integration from the tip to a spanwise location for a set 
A typical set of values for th 


of spanwise stations. 
[I] matrix based on parabolic are approximations 
the spanwise stations indicated for the [I]’ 
also given in Table I. 
are related approximately by the double transpose. 


equally spaced spanwise stations had been selecte 


then the [I]” matrix would be exactly the double trans 
fc Tle ws 


pose of the [I] matrix. This characteristic 

directly from the noted integral operations. 
The expression for running torque, /, due to aerod) 

namic and inertia load can be written in matrix for 


to give 


Approximation 


[ 0. 06667 0. 26667 0. 13333 
—(). 01667 0.13333 0. 15000 
0 0 0. 06667 
] - 0 0 —().01667 
0) () Q) 
() () ()} 
() {) () 
[ 0 0 0 
0.08333 0.13333 — (0.01667 
0. 06667 0. 26667 0. 06667 
I]” = 0. 06667 0. 26667 0. 15000 
0. 06667 0. 26667 0.138388 
0. 06667 0. 26667 0.13333 
0. 06667 0. 26667 0. 13333 
l 0 0.05333 0.05333 
—(0, 00167 0.01000 0.02500 
0) 0 ) 
II] = 0 0 —(0. 00167 
0 0 0 
0 0 0 





0 
0 











26667 0. 10000 0.13333 0 03333 | 
26667 0. 10000 0. 13333 0.03333 
26667 0. 10000 0. 13333 0.03333 
Seeded 0.11667 0.133838 0.03335 
0 0.033338 0. 13333 0.03333 
0) —() OOS33 0. O6667 ().04167 
0) () () 0) J 
0 0 0 0 
0 0 0 0 
0 0 () () 
13333 —().01667 0 0 
26667 0. 06667 0 0 
26667 0.10833 0. 06667 —() soma 
26667 0. 10000 0. 13333 0.03333 
16000 0.08000 0.12000 0.08333 
10667 0. 06000 0.09333 0. 02667 
05333 0.04000 0. 06667 0.02000 
01000 0.01833 0.04000 0.01333 
O a) 0.01333 0. 00667 
0 —(). OOOA2 0.00250 0. OOB92 
0) () 2 0) 


can be writte; 


matrix | 
The two integrating matrices 


first Valy 
‘OTTeSspe n 
ms the ¢ 
a Spanwis 
le diagor 
| torsioy 
S along t} 
or the J] 
nS at Spat 


and 1.0; 


umbers j; 


nvenienc 


the digit 
erence | 

be writte; 
pproxim 


numeric 


n for a set 


es for th 


nations at 
matrix 1s 


r matrices 
spose. 
selected 
ible trans 
ic follows 


oO aerod 


itrix fort 


rabolic Ar 
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=) (8), and (9) can then be combined to give a 


ras ‘ 


final matrix ¢ quation 


vhere [A aa 1 and X are defined as 
GJ), | I C ] T 
laa | CJ | "s | 


The aerodynamic terms 7, and 7), are written as 
square matrices, implying that aerodynamic influence 
oefficients are available—-that is, the aerodynamic 
torque at a particular station is due to the motions of all 
the spanwise stations. Unfortunately these c¢ efficients 
ire not readily available; however engineering approxi- 
mations are available which provide estimates of these 
terms and consequently the aerodynamics is written 
in this form. If a strip analysis is employed, the ma- 


trices {7 and [7 


a 


simplify to diagonal matrices, im- 
plying that the aerodynamic torque at any station is 
lue only to the motion at that station. 

The aerodynamic terms are usually written as a 
function of a nondimensional frequency parameter de- 


fined in this case as 
ki = (we/V (14 


In flutter work this parameter is usually called the 
reduced frequency.’ Note that this term appears in 
aa) and [A,, 

It might be noted that the quantities A, |A,,], and 


ra 


the ¢ xpressions for [A 


A] are all dimensionless. 
The same approach can be applied to describe the 
The differential 


equation in a convenient form for numerical evalu- 


bending motion of the built-in wing. 


ition, which relates the bending slope of the wing asa 
lunction of the bending moment, 7, and the bending 
stiffness, /:/, is 


rt? 
. 


dh D 5° M j . 1 
2 , EI ayn (1) 


dn” P P 


1 4 ° ° . ° 
but the slope can be written in terms of the deflection, 


Ny, ads 


2, * dh 
N _ dn* (16) 
Oo ¢ 


ind the bending moment, ./, can be expressed in terms 


of the running load, /, positive down, as follows: 
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VW b'/2 nN" n* \ldn* | 


* 


where n)* is a dummy spanwise variable. The running 
load, /, similar to the running torque, is due to both 


aerodynamic and inertia forces. 


IS 
Che expression for running load inertia is 
uh MC2CQ 19 
The aerodynamic running load (positive down) 1s 
(1/2) pV Pa + Py (h/i 20) 


Assuming harmonic motion and parabolic are approxi 
mations for the numerical evaluation of the required 
integrations, Eqs. (15) through (20) can be combined 
to give the expression equivalent to Eq. (10) for torsion. 


This expression 1s 
h | 
yn Ana) {A | 
les d J 


where |A,,,| and [A,,,| are defined as 








Note that the special integrating matrix, [II], appear 


ing in Eq. (22) and (23), is required to perform the 
integration indicated in Eq. (17 A typical set of 
values for the [II] matrix for spanwise stations 7” 
0, 0.2, 0.4, 0.6, 0.8, 0.9, and 1.0 1s given 1n Table I. 
Note that all of the required operations for solving the 
torsion and bending equations have been put in a form 
such that their numerical evaluation has consistently 
required integration rather than differentiation. In 
herently such an approach provides maximum accuracy 
for a given number of stations or ‘‘panels.”’ 
Eqs. (10) and (21) can be combined to vive the final 
aeroelastic matrix from which the flutter stability of 


the wing can be determined 


jis | | [Aga] [Aa fi] 


phy jh) 24 
A 
les [Anal [A, | lel 


It should be noted that Eq. (24) is in canonical form. 
The square matrices [A,,], [Aq,| ete., are complex 
matrices due to the aerodynamic forces and moments. 
These forces and moments are, as noted previously, 
given as a function of a nondimensional frequency 
parameter, k;. Several values of this parameter are 


selected and solutions for the parameter ‘‘\’’ are ob- 
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tained. Since the [A] matrices are complex, the 
values of “‘d”’ will usually be complex. The physical 
interpretation of these complex values of ‘‘\’’ is as 
follows: 

The structural damping, g,, required to sustain har- 


monic oscillation at the given reduced frequency is 
g; = Ay/Ar (25) 
and the speed for which this condition exists is 


i (GI) ans 
V = berger : (26) 
(b'/2)*é?(p/2)XAR 
where Az is the real part and X,; is the imaginary part 
of the complex “‘).”’ 

If the stations n* = 0, 0.2, 0.4, 0.6, 0.8, 0.9, and 1.0 
had been taken as the degrees of freedom, the final aero- 
elastic matrix would be twelfth order and complex im- 
plying that the determination of the complex eigen- 
values, \, and the eigenvectors } aj and }h/é{ would be 
extremely difficult and time consuming without the 
aid of a high-speed digital computer. Since the aero 
elastic equation is in canonical form, simple matrix iter- 
ation is an ideal method of solution. As many roots 
as desired can be extracted at a time without deter- 
mining all of the roots. Usually for a simple wing con- 
figuration (no concentrated weights such as engines or 
external stores are present) determination of two or 
three eigenvalues would be sufficient for providing the 
necessary information to plot the critical stability dia- 
gram. 

The possibility of simplifying the aeroelastic matrix 
given by Eq. (24) for certain configurations should be 
considered in light of the assumptions made in a modal 
analysis—that is, a specified bending and torsion mode 
can be assumed. Such an assumption could provide 
for a tremendous reduction of the order of the aero- 
elastic matrix. The introduction of these modes can 
readily be made in the formulation given herein. 
Rather than a detailed explanation of the technique, 
a simple example will be considered. 

The modes } af and }//é} can be rewritten as follews: 


{ ’ { ' 

) ay Ay) A/S AY 

fry hy fhe (27) 
an = eee | 


where the subscript, /, denotes the value at the wing 
tip. Eq. (10) can be written as 


Sant a aay pent T 
_ — a. Ss 
h/é h 
[Aw ) J “p (28 
th, ra rm | 
Similarly Eq. (21) can be rewritten as 
jh/é | l ja) 
,; [A.] a, + 
on 97s oe Ee Oe 
[Ay ple | Bet (29) 
th, /ch es 


Eq. (28) may be premultiplied (both left- and righ 
hand side) by a row matrix, designated by | |, consis 


ing of the mode a/a,; Eq. (29) can also be premultiplied 


in the same way except by the mode (//é)/(h 
When these operations are applied and the resultiy 
two equations combined, a simple 2 & 2 matrix is oh 


tained. 


J rae { I Fn Agi f a | . 
l/h XL Ane Amd \h,/ef 30 


where the bar quantities are complex numbers 
matrices) and are defined as 


a/ a tA. ) A/a ‘ 
Flees ) | ! | { » 
aa ,;a/ ay 
a | jh ci 
Aan | 
| a; | | ie th, cf ; 
Aa |a/a,| | a/a,! ~ 
h/é | ja | 
[Ane] - 
{ } h -| “ la,/ 
iii F € | jh/e\ ” 
h, c th él 
| h/é | jh cy 
hjé\ ~ th,/é 
Aj ) 


_——_ 


F 4 jh/é 
h,/€ (h,/é 


The solution of Eq. (30) will provide two complex 
values of “X’’; one will represent the stability of the 
bending mode, //h,, and the other the torsion mode, 
a/a; If the proper mode was selected and the effect 
of changes in spanwise phasing of the modes is negli 
gible, then the values obtained should be excellent 
approximations to the first two values obtained from 


the twelfth order complex equation. 


Example of Analog Finite Difference Solution for 

Cantilever Wing 

The basic formulation of a simple dynamics problem 
on the network analyzer will now be considered. In 
order to demonstrate the compatibility of the digital 
and analog methods, the same physical system will be 
considered as in the digital example. The subdivision 
of the wing into ‘‘panels’’ or stations and the definitions 
of coordinates shown in Fig. 1 also correspond to thost 
quantities of the digital analysis. 

As an aid in the physical interpretation of the finite 
difference approximations used here, the equivalent 
mechanical system represented by the electrical circutt 
analogy is shown in Fig. 2. The distributed prope 
ties of the wing are replaced by conceitrated properties 
at each cell or station. The method of parameter rep 
resentation used here corresponds in general to the ust 
of trapezoidal integration matrices in the digital ex 
ample. The use of an analogy corresponding to the 
higher order integration matrices which are possible 1 
the digital analysis would in most cases involve circutts 


which are prohibitively complex or nonrealizable. The 
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errors due to this type of approximation vary with the 
number of panels chosen, the types of motion to be 
considered, and the distribution of the system param- 
eters. It has been shown, however, that these errors 
are small for practical physical systems when sufficient 
coordinate stations are included.” * 

A conventional electrical circuit analogy is used in 
the representation of the finite difference wing of the 
present example and is shown in Fig. 3. Since the 
derivation of this analogy appears in the literature,*~? 
the derivation will not be repeated here in detail. The 
identification of electrical circuit quantities with me- 
chanical system quantities may be made, however, 


without resorting to a complete derivation of the 


analogy 

In the nodal circuit analogy, electrical currents are 
proportional to mechanical forces and electrical voltages 
are proportional to the time derivatives of coordinates 
In the following discussion, 
operational notation is used [p (d/dt) |. 

The discrete coordinate stations are designated as 
n*y where .V 0, 1, 2, 3, 4, 5, 6, numbered from root 


in the mechanical system. 


to tip. The subscript .V refers to quantities at these 
stations, and the subscripts .V + (1/2) and V — (1/2) 
refer to quantities half way between stations. 

Phe equations of the running inertia forces (Eqs. 4 
and 19 of the previous section) must be modified in 
terms of the discrete inertia load stations and may be 


expressed as 


cf) mn S. fprh\ Pate 
Via ee a iP \ (pray oo 


where /’, ¢’ refer to concentrated rather than running 
loads and moments. All quantities refer to the dis- 


crete coordinate station, .V, and 
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Fic. 3 Electrical circuit analogy (structure 


The expression for the electrical currents resulting 
from the introduction of the network of capacitors 
C,, C., and C,, (Fig. 3) at a particular station n,* is 


@ 


fi,’ (Ci 7T Cin) Can ) pent 


Lin’ Vs Ca (C+ Cad be teed 


(39) 


The transformer associated with C,, in Fig. 3 provides 
for the correct sign of the inertial coupling term. The 
comparison of the last equation with Eq. (39) reveals 
that the capacitors represent inertias and that the 
quantities (C, + Can), (Ca + Can), and C,, are propor 
tional to the concentrated mass, moment of inertia, 
and static moment assumed to be acting at that station. 
In a similar manner, the expression for the accumulated 
torque of Eq. (2) becomes the summation of all the 
concentrated imertial torques introduced at stations 
outboard of the particular section. 
V’=6 
Tx 1 :. t'y: 1() 
it 
where .V’ is a dummy index. 
These summations follow naturally from the summa 
tion of currents in the electrical circuit. The accumu 
lated torque Ty 1 is proportional to the current 


(ta) —(1/2) at each section. The finite difference equa 


a 


tion for the chordwise rotation is 


\ \ ‘i 
w= YY 1 
yr (AQ)y 1/2 
where 
) oT N ( 
| l ln 19 
ee eae 2 Jay... Gl 


a i/é 


These equations correspond to Eq. (1) of the previous 
section. From electrical circuit considerations, the 


analogous equation 
(€4)\ > (te) xe—~ 2° (Le)n*-c12 13 
it will be noted that the inductor, (L, 1/2) Shown 
in Fig. 3 is proportional to 1/(K as defined by 
Eq. (42). 
The combination of these equations into the com 


a 


plete difference equation for torsion, as represented in 
the digital method by Eqs. (7), (8), (9), and (10 
above, is implicit in the interconnection of the elastic 
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Fic. 4. Generation of aerodynamic forces (network analyzer 


Although 


only inertial forces have been considered, aerodynamic 


and inertial portions of the electrical circuit. 


loads are inserted from external sources in the same 
manner as mertial loads. 

The bending circuit may be described in a manner 
similar to that of the torsion circuit by replacing the 
differential bending equations with the finite difference 
summed 


approximations. The concentrated loads are 


at each section 
\ in) 
} 


ar? 
\ 


, S > 
N 


and the accumulated load Ly ; ;;/2) is represented elec 
in the transformer 
The finite differ 


ence approximation of the equation for bending moment 


trically by the current ((),)y+ (1/2 


winding (Th) 1/2) at each section. 


(Eq. (17) | is expressed as 


\ ) 
My > AMyr+0/2 (45 
where AM, 1/2 (b’ ys (Ly 1/2 n - WN 
(46 


Electrically, Eq. (46) may be expressed as 


Aig\v tc (tn) N » (T,/TO)x 212 (47 


which describes the constraint imposed by the trans 
former, 7°),/7%, providing this turns ratio is equal to 


the length b’/2(n*y+1 — n*nx). The bending slope at 
any section (dh/dn* (b’/2)@ may be written as 
VW" = N My, 4 
On 4.1/2 > ae (48 
v=o (Kg) 
l b! eUn+/2) dy? 
where : | : 
Ko] x 2 ‘ EE 


OA (4 


and corresponds to the differential Eq. (15). The 
analogous circuit equation 

V’ \ 
F hhh dane 


(€g) n 1/2 
ny’ 0 


(49 


indicates that the inductor L, as shown in Fig. 3 is pro 
portional to 1/A,y. The relationship between slope 
and displacement, as expressed in Eq. (16) may be re 
placed in finite difference form by 


z| 
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(Ah). : bh! /? 4 
The second of these equations is a coordinate tray 
formation and is imposed by the transformer 7°, /7 


T,,/ To). ) b’ /2(n* \ 


where 


The summation of incremental deflections of each s 
tion is then the summation of voltages across the trans 


former windings. 


Again, only inertial forces have been considered, but 


Saine mat 


aerodynamic forces may be included in the 


ner. The currents representing aerodynamic forces 
are applied at each coordinate station in the man! 

shown symbolically in Fig. 4. The circuits —ampplifiers 
current generators, and passive transfer function net 


works sense the appropriate coordinates as 
and insert currents (forces and moments) which ar 
functions of these coordinates. Although the diagran 
luilctions « 


indicates that the aerodynamic forces are 


the local coordinates only (as would be true of tw 


dimensional flow), spanwise flow distributions may b 


included by sensing all the coordinates 


the aerodynamic forces at a particular station 

The complete electrical circuit corresponds to th 
mathematical description of the system as express¢ 
of the digital example. Here, 
the equations are functions of time rather than 


in Eq. (24 however 
quency. 
removed, the vibrations problem of the 
system is studied by means of the resonance respons 
of the electrical circuit. 
bility, load factors, etce., are determined directly fro: 


t 


In aeroelastic studies, st 
the transient response of the electrical circuit 


Extensions to More Complicated Systems 


It should be noted that the structural system chose 


for the example is not a very complex one. This chore 


was made to facilitate the description of the analysis 


and should not be interpreted as restricting either th 
digital or analog method to the consideration of sucl 
systems. Such additional complexities as concentrate 
inertial loads, elastically coupled external stores, ai 
additional degrees of freedom are readily represente' 
as are discontinuities in the elastic distribution or the 
Digitally such discontinuities may be 


elastic axis. 


represented by special interpolating matrices; similarly 


for the analog these effects can be represented by 4j 
propriate electrical circuits. 

In either method, the elastic system may be repr 
sented through the use of deflection influence coell 
cients rather than explicit elastic properties. In gem 
eral, the extent of such complexities which may be com 
sidered is limited only by the size or capacity of the par 


ticular computing facility. 
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DESCRIPTION OF CHECK PROCEDURES 


the determination of the optimum methods for 
rerait dynam analyses, involving both analog and 
‘tal facthitis s, one of the most important problems is 
jaranteeing the calculations to be correct within the 
tial assumptions The use of the finite difference 
ital method, which defines the degrees of freedom 
most identically as the network analog, permits the 
-namicist to have a completely independent check of 
the results at several stages of the computations. 
One of the best techniques to insure constant checks 
to keep the analog and digital set-ups completely 


dependent. Fortunately the approach used in the 
utews ited methods continually allows for such inde¢ 
yendence except from errors in the basic physical data 
used in both computers. The analog employing the 
nodal analogy permits the dynamicist to obtain an 
lectrical model of the mechanical system by physical 
msiderations such as a blueprint or drawing and does 
t require a description by a mathematical model as 


What 


ystem could have a more direct approach than this 


epresented bv a set of differential equations 


1¢ Should an inconsistency between the analog 


id digital results exist say in a flutter problem which 
involves complex elastic, inertial, and aerodynamic 
representations —the determination of the inconsistency 
iv be difficult and time-consuming. Since all of these 
roblems must be solved in a limited time in order that 
the results obtained be effective, the desirability of per 
rming check procedures during the problem is ob 
ious. These check procedures have a dual purpose: 
Prevent inconsistencies or errors from occurring 
readily 
?) Inconsistencies that do occur will be located and 
eliminated rapidly. 
rhe logical approach to these check pre wcedures 1s to 
first consider the problem in as many small pieces as 
isible without consuming so much time as to render 
he check procedures impractical and undesirable. Ex- 
perience has shown that the aircraft problem lends 


itself to three main check points: | elasticity or static 


> 


vibrations check, and (3) aero 


} 
ti 
il 


deflection check, 
lvnamics check. 

In this section a brief description and the significance 
1 each check will be given employing both the analog 
nd digital facilities in the optimum integrated method 


reviously discussed 


Elasticity or Static Deflection Check 


eee . : * / , 
Lhe initial check of the physical iiterpretation ol the 
mechanical system can be made by comparing de 
oltages on the analog) for specifically applied 


The de 


fections can be computed from the digital finite dif 


rees Or moments (currents on the analog 


‘erence approximations completely independent of the 
ilo } . ‘ { 
log results Che representation on both set-ups at 
this cf = : 7m . ; , 
is stage 1s relatively simple; therefore, any inconsist 
CIICIES ¢ 


n be found 1 ipidly and corrected immediately. 


Nor ° ° ° » 
ice both systems should be identical in terms of 


L_NALOG AND DIGITAL 


COMPUTING MACHINES 


physical representation, the comparison ol the deflec 


») 


tions should agree within measurements (1 or per 
cent). If larger differences exist, implying the possi- 
bility of an error, then attention should be given to cor- 
rective measures so that the stiffness representations are 


completely compatible between the two systems 


Vibration Check 


Once the elasticity and the physical representation 
of the system have been checked, the addition of the 
mass and inertia parameters on both the analog and 
digital set-ups allows for the determination of the nat 
ural frequencies and mode shapes of the physical 
system. As usual, complete independence of the two 
methods should be retained, although the mass and 
inertial data supplied to both methods must be checked 
to be consistent. 

In the digital method the most eflicient method of 
obtaining the frequencies and mode shapes is to first 
introduce the concept of harmonic motion for the de 
grees of freedom. Since the formulation of the prob 
lem has introduced an abnormally large number otf 
degrees of freedom of which the higher orders have 
relatively little physical significance, the modes of pri 
mary interest are the lower order ones with decreasing 
interest as the higher modes are obtained. Since the 
principal purpose of the digital calculations 1s to check 
the results obtained from the analog, it 1s felt that if 
the first six or eight modes agree in TIrequency and 
shape, then the correlation is considered sufficient for 
most practical configurations. The most practical 
method of obtaining this information for the digital 
set-up is by simple matrix iteration. More elaborate 
methods or modified versions may be used, but details 
are not the purpose of the present paper and therefore 
will not be discussed. One point should be made con 
cerning the compatibility of the set-up of the digital 
approach and the determination of the eigenvalues by 
the iteration methods. In the previous section the 
matrix defining the stiffness is written as the reciprocal 
of stiffuess or simply as the deflection matrix. In this 
form the final aeroelastic matrix required for solution 
of its eigenvalues and eigenvectors is in canonical form 
without the necessity of any matrix inversions. Should 
experimental deflection influence coefticients be avail 
able, the information can be used in this form with 
out matrix inversions. In cases where modes are 
included that have no structural stiffness or deflection 
counterpart such as the rigid body motions of an air 
plane, then the final aeroelastic matrix for iteration will 
be in noncanonical form and consequently will require 
a matrix inversion for solution if simple iteration tech 
niques are used 

The method of determining the natural frequencies 
and modes by the analog is very similar to the tech 
nique used in the shake test of an airplane. A sinu 
soidal current excitation (force or moment) is applied 
at a point somewhere on the structure; the frequency of 
excitation is varied until a resonance 1s determined 


Chis resonance appears as a minimum current required 
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to sustain a constant amplitude oscillation. In the 
actual shake test of an airplane the reverse procedure 
is usually used. The shaker input is kept constant as 
the frequency excitation is varied until a resonance is 
reached. This resonance is indicated as the maximum 
observed deflection of the structure. 


both the analog and the shake tests of the actual struc- 


The modes for 


ture are determined by reading the relative amplitudes 
and phases on as many points on the structure as de- 
sired. Other natural frequencies can be obtained by 
variation of the excitation frequency until the desired 
range of resonant frequencies is determined. 

Since the analog and digital methods have been de- 
veloped with the intent of minimizing their differences, 
the correlation of frequencies and modes should be 
Should 
errors larger than this amount be present, then the 


within engineering accuracy (4 or 5 per cent). 


dynamicist can logically assume the results are un- 
correlated. 
both the digital and analog set-up have been checked, 
the difficulty must lie in the mass and inertial repre 


Since the elasticity representations for 


sentations. By comparison of frequencies and modes, 
the existing error can be found and corrected rapidly. 
Note that the separation of the elasticity and inertial 
checks allows for these rapid guaranteed correlations. 

Some of the existing differences between the analog 
and digital methods in determining the natural fre- 
quencies and modes should be discussed. As noted 
previously one obvious difference is the method of 
excitation (if one can consider the determination of 
eigenvalues of a matrix as a means of excitation). 
Actually this method implies that the ‘‘excitation’’ is 
uniform for all the degrees of freedom. In order that 
the analog be comparable to the digital method, the 
excitation must be made not at one or two points on 
the electrical representation, but on all circuit nodal 
points defining degrees of freedom. Unfortunately 
such a procedure would be impractical, as it would be 
to attempt to excite the actual airplane at an equivalent 
number of locations as the analog, say 30 to 40 points. 
\Ithough this difference has relatively little effect on 
the natural frequency determinations and the normal- 
ized mode shapes, it could have an appreciable effect on 
the relative amplitudes since the analog is not a ‘‘per- 
fect’’ representation as indicated by the following dis 
cussion. 

Inconsistencies in relative amplitudes necessitate 
mentioning one of the most important differences and 
perhaps the most difficult to evaluate between the 
analog and digital methods. This is the problem of 
estimating the effects of parasitic impedances in the 
analog representations. The electrical elements in- 
volved in causing these impedances are the passive 
elements. In general the circuitry associated with the 
active elements (those elements dealing with the aero- 
dynamic representations) do not affect the final results. 
The two electrical elements of primary interest are trans 
formers and inductors. The high quality capacitors 
available in the analog computer can be assumed to 
have negligible parasitic impedance in comparison to 


THE ABR RONAUTICAL SCIENCES AUGUST, 1956 


the transformers and inductors which also are hig} 
quality but unfortunately not good enough compared 
to the capacitors. 

The transformers experience the following parasit; 
impedances which result in the following inconsistencies 
not usually present in the digital set-up: 

(1) leakage inductance—represents shear compliance 
(2) magnetizing inductance—represents tension jy 
beam 
represents shear damping 


Ss 


series resistance 


(3 


(4) shunt resistance— represents slope damping 


(5) shunt capacity—represents rotary inertia 

The inductors experience the following parasitics 
which introduce the corresponding mechanical effects 

(1) series resistance—-structural damping 
(2) shunt capacity—inertia, direct or coupling, de- 
pending on location of inductor 

Since the transformer parasitics are dependent on 
the turns ratio (they vary as the square of the turns 
ratio), their parasitics are considerably more significant 
in a typical vibrations (or flutter) problem than the 
inductor parasitics. Although these parasitics have 
somewhat of a parallel to the actual structure, unfor- 
tunately they are difficult to evaluate and consequently 
are difficult to represent by comparable digital methods 
One of the most appareit effects of the parasitics ap 
pears as “‘structural’’ damping. Although this effect 
has a negligible effect on the frequency, the relative 
amplitudes can be affected appreciably. In the next 
major section of this paper details of the differences to 
be expected for a typical problem will be illustrated. 


Aerodynamics Check 


The addition of the aerodynamic forces and moments 
to the vibration set-up provides a means of determining 
the suitability of the dynamic system in terms of sta 
bility such as flutter, as well as load responses due to 
gusts. Since the aerodynamic representations are per 
haps the most difficult physical quantities to describe 
electronically on the analog, a great deal of care must 
be taken in their representation. Once again complete 
independency of the digital and analog set-ups 1s re- 
quired. An individual aerodynamic cell check on the 
analog is recommended. The procedure consists of 
separating each cell inputs from their corresponding 
nodes and then the inputs are driven with individual 
sinusoidal voltages representing the velocities of the 
particular degrees of freedom. The output of the cell 
is measured by a current representing either a lift or 
moment or perhaps some part of each. The output 
current with respect to a unit input voltage is evaluated 
in terms of modulus and phase for a range of input fre 
quencies. These modulus and phase functions can be 
compared readily with the values used in the digital 
analysis which in the eigenvalue form necessitates rep- 
resentation in terms of a frequency response. Once all 
the cells are checked for the frequency range to be ex 
pected for flutter, dynamic stability, and gust load con- 
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ANALOG AND 


siderations, the analog set-up can be considered as 


che cked. 
\ discussion of the additional differences between the 
| the digital methods due to the inclusion of 


ynalog and 
aerodynamics appears warranted. The first obvious 


the 
difference is once again the method of “‘excitation.”’ 
rhe digital method, due to practical considerations, is 
handled once again as an eigenvalue problem. As 
usual all of the roots are not obtained since the higher 
roots have relatively little significance, and therefore, 
simple matrix iteration is used. However, a sufficient 
number must be obtained to insure that the critical 
roots have been obtained. Although no set rule can 
be established as to the number of roots to be deter- 
mined, approximately six to eight should be considered 
is a maximum satisfactory number. Since these results 
ire used basically for checking the results obtained on 
the analog, it is felt that with the aid of good judgement 
on the part of the dynamicist, a minimum number of 
roots need be obtained for insuring not only the attain- 
ment of the critical roots but also the correctness of the 
results of the analog. The method of excitation for 
the analog depends of course on the problem under in- 
vestigation. For stability investigations, such as 
flutter, a highly damped sine wave excitation at one 
location on the structure would be sufficient in general. 
By variation of the frequency of the damped sine wave 
a certain degree of selectivity of the roots is possible. 
In general the computer automatically selects the least 
damped root, and if the system is unstable or at neutral 
stability usually no excitation 1s required. If the roots 
are damped at an air speed below neutral stability, 
particular roots can be excited and examined for its 
characteristics such as damping and frequency by vari 
ation of the frequency of the damped sine wave ex- 
The 


results from the analog assures the dynamicist the de 


citation as well as its location on the structure. 


termination of the critical roots, consequently this in- 
formation provides a reasonable guarantee for deter- 
mining the maximum number of roots required in the 
digital method. 

One of the most important additional differences 
between the analog and the digital techniques is the 
The digital tech 


nique requires representation by numerical values as a 


representation of the aerodynamics. 


function of a parameter which resulted from the as- 
sumption of harmonic motion. These numerical values 
must be represented by some continuous mathematical 
function which must have a simple electrical counter- 
part for use on the analog. Aside from the differences 
due to mathematical and electronic approximations, 
differences in the responses when not at neutral stability 
also exist since the motions are not harmonic as as- 
When the re- 


sponses are positively or negatively damped, the signifi- 


sumed to be in the digital methods. 
cance of these differences must be interpreted in light 
of the original assumptions involved in the aerodynamic 
representations. These interpretations can best be 
discussed by examples and will be given in the next sec- 
tion. 


DIGITAL COMPUTING 
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EXAMPLE OF METHODS AND CHECK PROCEDURES FOR 
TYPICAL PRODUCTION PROBLEMS 


The method outlined in the preceding sections was 
recently applied to the tail symmetric flutter analysis of 
a transport-type airplane being built at Lockheed. 
The network analyzer was used together with the IBM 
701 digital computer. The problem required analysis 
of the coupled stabilizer, elevator, and fuselage motions. 
In view of the complex nature of the configuration to 
be analyzed, a large number of degrees of freedom was 
required to adequately describe the natural vibration 
characteristics of the configuration as well as the flutter 


modes. 


Distribution of Structural and Aerodynamic Celis 

The full capacity of the network analyzer was utilized 
as well as the maximum programming techniques avail 
able at the time of investigation on the IBM 701 Com 
puter. Six spanwise stations for the stabilizer and 
elevator combination were chosen as well as five sec 
tions for the fuselage. This combination provided six 
bending and six torsion modes on the stabilizer, six 
elevator flapping and torsion modes, as well as five 
fuselage vertical vending modes. Simple beam theory 
was used for representing the structure in bending and 
torsion. The elevator was assumed to have a flapping 
mode with a restraint determined by the boost system 
The torsional rigidity of the torque tube required to 
transfer the elevator hinge moments into the fuselage 
through the boost system was also represented. In 
addition an elevator balance weight located at the 
fuselage centerline was assumed as a separate degree 
of freedom because of its large concentrated weight on 
the relatively flexible torque tube extending from the 
inboard end of the elevator to the balance weight link- 
age. The whole airplane was free to pitch and plunge. 
Unfortunately, the wing flexibility was not included due 
to the limited capacity of the computer. This problem 
illustrates very well the degree of complexity of airplane 
structure that can be handled by such a computing 
facility; its justification was substantiated by observed 
shake tests of the airplane. 

The aerodynamic representation on the computer 
was based on standard-type two-dimensional incom 
pressible flow considerations together with strip theory 
to account for three-dimensional effects. The transient 
aerodynamics were applied to the bending and torsion 
cells of the stabilizer and to the elevator cells No 
aerodynamic represent ition was assumed for the fuse 
lage. <A sketch of the degrees of freedom previously 


discussed is given in Fig. 5 


Comparison of Static Deflections for Elasticity Checks 


In order to provide a continued check on the validity 
of the analog computer results, a corresponding set of 
IBM calculations were made using a breakdown of the 
structure on a “‘panel’’ basis similar to that required 
on the analog. The first stage in the correlation was 
to check the stiffness circuits on the analog as well as 
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the stiffness values. This was accomplished by apply- 
ing loads, moments, and hinge moments and recording 
the deflections. A comparison of the deflections was 
then made with those calculated from the IBM ‘‘panel”’ 
representation for the same loading conditions. These 
comparisons are given in detail in Fig. 6, for bending 
and torsion of the stabilizer as well as the elevator de 
Note the remarkable agreement between the 
deflection 


flection 


two approaches. No detailed structural 


measurements were made for the fuselage. It was 
found that the description of the fuselage mode required 
a modification in the stiffness and mass distribution 
from the actual This 
necessary due to the presence of a wing bending mode 


representative values. was 
occurring approximately at the same frequency as the 
fuselage mode. Since the full capacity of the com 
puter was utilized for description of the stabilizer 
elevator-fuselage modes, the wing flexibility could not 
be included in the computations. In order to provide 
the effects of wing flexibility in the fuselage mode, the 
fuselage stiffness and mass distribution were altered, 
such that their effects on the stabilizer and elevator 
modes, which were of primary interest in this flutter 
study, were correct. This alteration required numer 
ous pargfieter variations and, as a result, was ideally 
suited for the analog. The net result, then, was a 
pseudo fuselage which represented a wing and fuselage 
that had the proper “impedance” as viewed by the 
stabilizer and elevator. Since this “impedance’’ rep 
resenting the wing and fuselage appeared as one natural 
frequency (the higher modes were not important in the 
natural modes of the stabilizer and elevator) and no 
aerodynamics was assumed for the fuselage and wing 
combination in the tail analysis, such an approximation 
did not appear to be serious. These approximations 
were made on the basis of available shake tests of the 
airplane. 

The elasticity checks, which were made concurrently 
on the digital and analog computers, took approximately 
| week from the time the structural data were made 


available to the engineers. 


Analog and Digital Ground Vibration Test Correlations 


The next step in the provision of a continued check 
on the validity of the analog computer results required 
the addition of appropriate masses, inertias, together 
with the proper center of gravity locations of the masses 
in order that a vibration test correlation could be made. 
Since the fuselage modes were matched on the analog 
with observed shake tests and no aerodynamics would 
be present on the fuselage, the correlations were made 
with the fuselage rigid and restrained in pitch and 
plunge. A summary of the natural frequencies ob- 
tained by the two computers is given in Table 2. 

Note the close agreement between the two completely 
independent solutions. The differences in frequencies 
between the digital and analog are most likely due to 
the differences in integrating matrices used in the digital 
method and the method of lumping of structural param- 
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TABLE 2 
Comparison of Analog and Digital Natural Frequency 


Analog (c¢.p.s Mode Digital 
6.4 Stabilizer first bending 6.19 
7.34 Elevator flapping (boost on 7 0 
16.8 Elevator first torsion 16, 23 
22.85 Elevator second torsion 23] 
28.0 Stabilizer second bending 26 4 
32.1 Stabilizer first torsion 33.3 


ters in the analog circuits. The analog approach jn 
plies a trapezoidal type of integrating approximatioy 
while the digital representation consistently employed 
parabolic-type approximations similar to Simpson's 
rule. 

The corresponding mode shapes and relative phasings 
were also compared. A typical comparison is showr 
in Fig. 7 for the stabilizer first bending mode. Exam 
nation of the results in Fig. 7 as well as those for the 
other modes indicated that, in general, the agreement 
of the mode shapes and relative phasings agree remark 
ably well; the relative amplitudes, however, experience 
These 


appreciable differences. differences are pri 


marily a result of the inherent ‘structural damping 
of the order of one to two per cent present in the 
analog computer. The corresponding digital calcula 

tions were made, of course, with no structural damping 

As would be expected, the small damping would hav 

little effect on the natural frequencies, mode shapes, and 

relative phasings, but a noticeable effect on the relative | 
amplitudes of the modes. If the distribution of ‘‘struc 
tural’ damping was known for the analog, then this 
distribution could be simulated on the digital represen 
tation and more favorable comparisons could be ob 
tained. In addition, the compatibility of the method 
of excitation of the modes on the analog and digital 
set-ups must be considered since structural damping 
would be present on both. This implies, then, that 
the analog excitation at possibly all the degrees of fre¢ 
dom is necessary to be comparable with the results ob 
tained digitally. However, the differences that do exist 
between analog and digital calculations are relatively 
minor; they can be explained readily but unfortunately 
would require a prohibitive amount of additional work 
to eliminate them. On this basis, the present corre 


lation appears sufficient for engineering purposes. 

An estimate of the time involved to set up this prob- 
lem on the analog and digital computers was made 
Since both set-ups are made completely independent 
of each other, both problems were solved simultane- 
ously and took approximately 1 week from the time the 
elasticity checks were made. Parameter variations 
nade on the analog for several days to determine the 
adequacy of the degrees of freedom selected as well as 
the structural data determined from preliminary calcu 
lations. One conclusion drawn from this study is that 
the large number of degrees of freedom used in the 
analysis were necessary to adequately describe the sta- 


bilizer and elevator natural frequencies. 
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ANALOG AND DIGITAL 


Flutter Stability Diagrams 


T 


» view of the excellent correlation obtained in the 
hia 


»atural vibration study, the aerodynamics were applied 
“ the stabilizer and elevator to determine the flutter 
haracteristics. The aerodynamic representation on 
the analog was first checked using ‘‘aerodynamic cell 
hecks,”’ where sinusoidal inputs to the aerodynamic 
ell circuit are applied at several frequencies. The 
utput to input ratios, both modulus and phase, can 
ther 


numerical values used in the digital representation. 


1 be compared directly with the corresponding 


These checks were made for lift, pitching, and hinge 
moments due to bending, torsion, and elevator motion. 
Once these checks were made, the flutter stability 
calculations were determined on both set-ups. The 
significant results are plotted in Fig. 8 as a function of 
logarithmic incro ment of damping versus speed, nor 
malized to the flutter speed obtained on the analog. 
\Ithough other modes were present on both the analog 
nd digital solutions, the one shown in this figure rep 
resents the most critical, that is, the mode having the 
lowest flutter speed. Also shown are the frequencies 
{ oscillation for the analog and IBM at various sta- 
bility and speed conditions. Comparison of the two 
solutions indicates that the frequency of oscillation at 
flutter agrees remarkably well. The flutter speed for 
the analog, however, is higher than the speed obtained 
by the digital set-up. This difference can best be ex 
plained by interpreting the use of the damping param- 
eter, g, When applied to analog and digital calculations 
together with the inherent ‘‘structural’’ damping pres- 
ent in the analog. As noted previously, the proper 
interpretation of ‘‘g’’ for the analog is the actual aero 
lynamic damping present on the system, while for the 
digital solutions the ‘‘g’’ represents the amount of 
structural damping required to sustain an oscillation. 
[his difference in ‘‘g’’ interpretation is due, of course, 
to the difference in aerodynamic representations on the 
digital and analog computers. To account for this 
difference approximately the digital computations can 
be plotted such that the ‘‘structural’’ damping in the 
analog is accounted for in the digital solutions. Al 
though the exact distribution of the damping is difficult 
if not impossible to determine, an average value can 
readily be obtained and assumed to be uniform in the 
structural representation. For the calculations shown 
in Fig. 8 approximately one to two per cent damping 
was observed to exist. Ifa value of g 0.015 is used 
lor the digital calculations, the revised digital stability 
curve corresponds almost identically to the analog 
curve. Thus the necessary correlation has been estab- 
lished. At this point the effect of numerous variations 
ol structural or aerodynamic parameters on the critical 
flutter speed can be investigated in a relatively short 


tlume 


The amount of time required to make this correlation 
irom the time the vibration checks were completed de- 
pended to a large extent on the complexity of the aero- 
dynamic representation, the dependability of the active 
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elements in the analog computer such as amplifiers and 
associated power supplies, as well as the extent of pro 
gramming techniques available on the digital com 
puter. If complete familiarity of the aerodynamic cir 
cuitry for the analog representation is available and no 
failures in equipment are present, then approximately 
| to 2 weeks are required to obtain the desired set-up 
on the analog. Similarly, if the programming tech 
niques for solving the required eigenvalues on the 
digital set-up are available, approximately | to 2 weeks 
are required. Experience has indicated that the time 
involved in arriving at a satisfactory set-up on the 
analog or digital computers for the flutter problem 
depends on numerous factors, and thus a definite time 
requirement is difficult to state. Such problems as 
availability of personnel, their training, cooperation, 
and understanding of the problem, enter as important 
and necessary considerations in determining the time 
requirements as well as the feasibility of computing 
such problems by this approach. These problems are, 
of course, difficult to evaluate except by actual oper 


ating experience. 


Extension of Dynamic Representation to Landing and 

Taxi Load Studies 

Once the vibrations are checked a landing gear rep 
resentation may be added to the existing structural 
representation. Dynamic load studies for different 
landing approaches or runway profiles may be made 
No digital checks for these studies are necessary since 
the addition of the landing gear is relatively simple and 
presents little chance for error. The time required for 
simulat'ng the landing and taxi load representations 


is usually from 1 to 2 days. 


The aerodynamics are 
usually eliminated since, in general, these studies are 
made at extremely low airplane speeds and the forces 
and moments derived from this source are considered 
negligible. 

(A) Dynamic Landing Loads—Due to the complex 
oleo-pneumatic action of most landing gears no attempt 
is made to represent the component actions of the gear 
Instead, recourse is had to drop 
The load 


time histories obtained from these tests may be con 


on the computer. 
tests of the actual or a similar landing gear. 


sidered to be applicable to the airplane for the same 
conditions of vertical velocity at contact and static 
These load time histories are used 
In Fig. 9 a sketch 


of the landing gear representation is shown for the 


load on the gear. 
as the excitations on the computer. 


landing load investigation together with some typical 
time histories of vertical and drag loads. The drag 
load is determined by the coefficient of friction times 
required for the 
At that time 
The drag impulse, defined 


vertical force and acts up to time, fs, 
wheels to reach maximum spin-up speed. 
the drag excitation ceases. 
as the area under the drag-time curve, is usually made 
equal to the angular impulse of the wheel at airplane 
touch-down speed. 

The quantities measured on the analog computer are 


time histories of accelerations of pertinent mass sta 
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Comparison of analog and digital static deflections due 


to unit tip load and moments 
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Comparison of stability diagrams ( V—G) determined by 
analog and digital computers 
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torsion moments due to sinusoidal side gust at two speeds 
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ANALOG AND DIGtitTtatL 


ns such as engines, fuselage (at wing elastic axis), or 
the wing tip. If a flexible fuselage representation 1s 
resent, the nose and tail fuselage accelerations are also 


These accelerations could be used to deter- 


recorded 

ine load factors for the masses from which a spanwise 
iiation of load factor may be obtained directly for 
esign. Some discretion may be necessary in use of 


multaneous maxima of different quantities for design. 
B) Dynamic Taxi Loads—The normally small dis- 
lacements of the gear oleo while taxiing provides the 
possibility of representing the landing gear by a linear 
system of springs, Mass, and damping components over 
the range of displacements of interest. A typical gear 
representation is shown in Fig. 10 for the oleo, wheel, 
, This representation is added to the 


iid tire spring. 
riginal analog set-up, and excitation is introduced as 
. displacement time history of the gear. The specific 
form of the displacement depends to a large extent on 
the method of analysis. One of the most promising 
ipproaches is the use of power spectral methods which 
provides a means of determining a rational criteria of 
the loads experienced based on probability techniques 
for random gear displacement inputs as would be repre- 
sented by the roughness profile of a runway. The de- 
tails of this approach are unfortunately too complicated 
to describe in this paper; in fact their description could 
readily be the subject of a separate paper. What should 
be described is the information required for such an 
iwmalysis and how it can be obtained from the analog 
computer. This information is basically the desired 
transfer function relating the accelerations of pertinent 
nasses previously described in the landing loads section 
to sinusoidal gear inputs. Usually the modulus as a 
junction of input frequency is the desired quantity 
rather than the phase-frequency curve. This function 
can readily be obtained by using a sinusoidal input dis- 
placement on the gear (tire) and observing the ampli- 
tude of acceleration of desired masses on the airplane 
over a wide range of input frequencies. The transfer 
lunctions determined for the desired accelerations on 


Extension of Dynamic Representation to Gust Load Studies 


With the availability of the structural and aero- 
dynamic representations for flutter investigations the 
use of special aerodynamic foreing functions desired for 
simulating the penetration of a wing or tail into a gust 
lows for an evaluation of the gust load experience of 
the airplane. Once again the type of forcing function 
gust profile) used on the computer depends entirely on 
Although in the past the dis 


crete gust-type analysis has been used predominantly, 


the method of analysis. 


the introduction of power spectral methods, using the 
transfer function concept, has attained increased im- 
portance recently. Here again the gust loads for de- 
sign may be determined by more rational requirements 
employing probability criteria as well as recognizing the 
continuous randomness of the gust structure in the 
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The simulation of the applied gust forces 
small 


atmosphere. 
and moments is relatively simple, requiring a 
fraction of computer set-up time, say, 1 day, and con 
sequently requiring no digital checks. The desired 
information is in the form of transfer functions relating 
the accelerations of certain masses critical for gust load 
factors, bending and/or torsion moments of primary 
beam structures, etc., to sinusoidal gust inputs of vary- 
A typical set of transfer functions of 
a fin 


ing frequency. 
the bending and torsion moments at the root of 
are given in Fig. 11. The results are for an elastic fin, 
stabilizer, and fuselage combination which is also free 
to roll and yaw. The calculations were made for two 
speeds below the flutter speed of the configuration. 
Note the pronounced effect of speed on the pertinent 
modes. Such calculations provide the necessary infor- 
mation for more rational gust load analysis of not only 
rigid, but highly flexible airplane structures. 

In addition to the gust investigations, other related 
problems, such as the loads due to buffeting of wings 
and tail surfaces, may be studied. Such studies also 
require definition of the load response in terms of trans- 
ferfunctions and therefore can be readily obtained on the 
analog once a flutter problem has been simulated. 

Thus the integrated use of such a computing facility 
provides innumerable applications for aircraft dynam- 
ics problems and is limited only to the extent of avail- 
able computing equipment and the ingenuity of the 


dynamics engineer. 


SUGGESTIONS FOR FUTURE RESEARCH 


In the design of a dynamics-type analog computing 
facility, such as the one available at Lockheed, a great 
deal of emphasis has been directed to permit rapid 

that is, 
inductors, 


variations in airplane structural properties 
the passive electrical elements, such as 
capacitors, and resistors can be changed quickly and in 
sufficiently small increments. In contrast, little de- 
velopment work has been done for possible rapid vari 
That is, 


elements 


ations of the aerodynamic representations 
the active 
amplifiersand current generators —is relatively inflexible 
to parameter variations. The flutter and 
aerodynamic loads problems admittedly require pre- 


the circuitry associated with 


associated 


cise knowledge of the structural characteristics of the 
airplane, but unfortunately knowledge of the transient 
aerodynamic properties of the lifting or control surfaces 
is considerably less available in comparison to the 
structural properties. Thus, investigation of the proper 
transient aerodynamics by closely correlated analytical 
and experimental studies such as Lockheed’s rocket 
model program implies the necessity of providing rapid 
and accurate variations of the transient aerodynamics. 

Since the present approach of investigating aircraft 
dynamics problems implies an integration of analog 
and digital computers, the compatibility of the com- 
puting potential of both machines is therefore an ex- 
tremely important consideration. The principal factor 
which prevents complete compatibility is again the 
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aerodynamic representations on the analog computer. 
Specifically, the problem is the proper balance of active 
to passive elements available in the computer. Lock- 
heed’s present computer has an optimum balance of 
active to passive elements if a conventional incom- 
pressible two-dimensional transient theory such as 
Theodorsen’s is represented. For any other transient 
aerodynamic theory, the required number of active 
elements per structural cell is usually doubled or 
tripled, and therefore the use of the computer for 
dynamic load or stability problems becomes extremely 
limited if not entirely useless. Thus, considerable 
development work by the electronics designers should 
be directed along these lines to insure compatible ca- 
pacity for the analog to that available on high speed 
large memory digital computers. 

An additional aerodynamic problem on the analog for 
future study is one with which aerodynamicists should 
be concerned. Those familiar with the available 
transient aerodynamic theories know that the aero- 
dynamics is so complicated that the information is 
usually given in tabular form for a specific type of 
motion such as constant amplitude sinusoidal motion. 
These tables, which are a function of a nondimensional 
frequency parameter, are difficult to represent on the 
analog computer since their equivalent representation 
is done by an electrical circuit which approximates the 
tabulated aerodynamic values over a range of non- 
dimensional frequencies. Fortunately, such approxi- 
mations are relatively simple for the familiar and most 
used theory—-two-dimensional incompressible flow. 
Again if any other theories are considered the asso- 
ciated electronic circuitry becomes increasingly com- 
plex; in most instances, a large development program 
must be initiated to even determine the general form 
of the electronic circuitry. For instance, the represen 
tation of two-dimensional transient supersonic aero 
dynamics is possible with a variety of circuits, requiring 
anywhere from five to ten amplifiers per structural cell 
for describing the lift and moment due to bending 
and torsion motions. The question of the optimum 
reference axis for maximum accuracy also arose and 
was finally decided by extensive development studies. 
In some cases, the mathematical expressions for opti- 
mum approximation lead to physically unrealizable 
circuits, such as negative resistors and capacitors. 
Thus the overall optimization was extremely complex 
and involved an intensive study. The investigation 
of the other theories for which information exists for 
use in digital calculations must be examined and ex 
plored such that once again a reasonable degree of 
analog and digital computing compatibility is attained. 
In the same light the development of new aerodynamic 
theories as well as their solution should be considered 
with the viewpoint of representation not only in tabular 
form for digital calculation but also by electronic cir- 
cuitry for analog computers. 

Several remarks concerning the existing differences 
among the analog and digital results are apparently 
warranted. One problem in interpreting the signifi- 
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cance of an analog and digital correlation is the erros [ 
induced in the analog results due to residual inductane, 
capacitance, and resistance of the electrical clement. | 


\Ithough in the successful development of the compute, 
these factors were considered, unfortunately _ the 
cannot be entirely eliminated. Consequently their 
existence must be recognized and understood in th 


interpretation of analog and digital comparisons. ( 





the other hand, if these residuals can be evaluat 
quantitatively, possible modifications of the digit 
calculations are feasible which will provide addition 
assurance of the correlations. These modifications 

can include arbitrary but known distributions of strix 
tural damping as determined from the analog. Knowl bel 
edge of this damping distribution is not only impor. 
tant for digital comparisons, but is one of th« principal , 
factors in taxi and landing load studies where the ip ra 
herent ‘‘structural” damping of the computer repr Re 
sents almost the entire damping present in the system 
A possible modification for digital aerodynamic repr 
sentation is the use of aerodynamic coefficients which 
are not only a function of a steady-state sinusoidal 
motion but also of the degree of positive or negative ib 
damping of the motions. Such aerodynamic represen- cas 
tations will eliminate the differences in interpretation of 
the stability-speed diagram (g- |”) usually used in flutter 


investigations; that is, “‘g’’ would then represent the 


actual aerodynamic damping for both the analog an 
digital computations. 

It is apparent, therefore, that numerous worth-whik 
development programs can be undertaken to extend 
the usefulness of both the analog and digital computing 
facilities for dynamic load problems in a still faster and | 
more accurate manner than that indicated in the pres 


ent paper. 


CONCLUDING REMARKS 


This paper attempts to define the major phases 
the dynamic loads problem faced by the dynamicist 
at various design stages of the airplane. Such prol 
lems as vibration, flutter, gust loads, taxi and landing 
loads are described at three design stages of the airplane 
At each stage the nature of these problems was investi 
gated and the following characteristics were found t 
exist for each: ' 

(1) The dynamic problems are becoming increasing 
complex due to higher airplane speeds and increasingh 
flexible due to thinner lifting surfaces necessary fo 
optimum performance. 

(2) The amount of time required for obtaining accu 
rate results which make good ‘‘engineering sense’ 
critically limited since accurate structural and aer 
dynamic data are not readily available. | 

(3) Asa result of the lack of data a large number 0! 
parameter variations are required in the preliminan , 
design stage. Examination of the other two stages ‘ae 
shake test and final analysis—also indicates the requir Jac 
ment of a large number of parameter variations. | 


(Continued on page 780 
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An Analvsis of the Performance of an Axial- 
Flow Compressor at Low Reynolds Number’ 


ROBERT L. SOHN? 


Propulsion Research Corporation 


SUMMARY 


An analysis of the performance of an axial-flow compressor of 
low Reynolds Number has been made. The performance of the 
machine at low Reynolds Numbers is explained in terms of the 
behavior of the boundary layer attached to the blades. It is 

ypothesized that, under ordinary operating conditions, the 
blade boundary layer forms a laminar separation bubble shortly 
jownstream of the point of minimum pressure, reattaching in 
turbulent form after transition has taken place. At very low 
Reynolds Numbers, the separated boundary layer is so stable 
hat transition fails to take place upstream of the blade trailing 
dge. Under these conditions, the fluid turning accomplished 
by the blade decreases abruptly, and the blade profile losses in- 
crease with attendant loss in efficiency. 

The existence of a ‘‘critical’’ Reynolds Number as described 
ibove is verified by test data. An empirical method based on 
cascade data is derived for use in predicting the critical Reynolds 


Number and is shown to be in good agreement with test results. 


SYMBOLS 


A = boundary layer parameter 
. a7 , 1/2 
_st 6 ‘ y 72 
0.45 : = 
J /7 0 J 1 c 
( = blade chord 
C, = axial velocity 
; _ (AP )ideat — (AP )actua 
Cp = overall loss coefficient = ¢ 
(1/2 pl mr 
; . ~aV/V 
D, = diffusion factor = A? 
d(x/t 
H = shape factor = 6*/6 
R = Reynolds Number 
V = local velocity outside the boundary layer 
u, = rotor tip speed 
x = distance along the airfoil surface 
Ap = pressure rise through a blade row 
8 = rotor air inlet or discharge angle 
6 = boundary-layer thickness at v/V = 0.707 
6* = boundary-layer displacement thickness 
Ld x . 
J 
1 — — }dy 
/ J 
” = adiabatic efficiency 
§ = boundary layer momentuin thickness 
7. 
J V 
1 — = = dy 
ZU I 1 I 
A = ratio of length of separated region to the boundary- 
layer thickness at separation 
vy = kinematic viscosity 
ep = density (slugs per cu.ft 
¢ = flow coefficient = E./e, 
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- 2uAc, power/unit mass flow 
y = power coefhcient = = 
u,- (1/2 )u 
: — CpgJT,|(PR : — 4] 
¥ = pressure coefhicient = 
1/2)u 
Subscripts 
e = refers to Reynolds Number based on axial velocity , 
av = average velocity through a blade passage 
s = conditions at separation 
] = inlet toa passage 
2 <= discharge from a passage 
INTRODUCTION 
HE INFLUENCE of Reynolds Number on the per 
formance of axial-flow machines is becoming a 


major consideration in design work for two reasons. 
First, conventional turbojets are being designed for 
flight at extreme altitudes, and second, widespread 
application of small, auxiliary fans and blowers is be 
coming common in the air-frame industry. To date, 
few tests have been conducted on axial-flow com 
ponents at very low Reynolds Numbers, and few if 
any methods exist for predicting performance under 
these conditions. 

It is hoped that the present paper will give the de- 
signer of axial-flow machinery a better understanding of 
Reynolds Number effects as well as a method for meet- 
ing the design requirements. Additional investigations 


in this field are suggested herein. 


THE LAMINAR SEPARATION BUBBLE 


At normal angles of incidence, the boundary layer 
over the forward portion of an airfoil is usually laminar 
Downstream of the point of minimum pressure, the 
flow begins the diffusion process, the adverse pressure 
gradient causing the laminar boundary layer to sep 
arate from the blade. Depending upon the local 
Reynolds Number at the point of separation, the sep 
arated laminar boundary layer goes into transition 
and soon becomes turbulent. The turbulent motion 
enables the boundary layer to spread and reattach itself 
to the surface of the blade. However, if the local Rey 
nolds Number is very low, the boundary layer is quite 
stable and resists transition until the flow has passed 
over the airfoil trailing edge. A sketch of the laminar 
separation bubble phenomenon is shown in Fig. 1. 

_ A high angles of incidence, sharp minimum pressure 
peaks are encountered very near the leading edge, 
causing the separation point to move to the leading 


edge. The same bubble mechanism takes place, but 
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failure to reattach occurs at a slightly lower inlet Rey 
nolds Number (because the flow has a greater distance 
in which to reattach 

Finally, an angle of incidence is reached at which 
separation will occur regardless of Reynolds Number. 
The pressure gradients are too steep even for the 
turbulent boundary layer to negotiate, and the flow 
goes into stall. 

When the boundary layer fails to reattach, the 
amount of turning accomplished by the blade abruptly 
decreases. The blade wakes widen out, and the pro- 
file losses increase accordingly. Below this critical 
Reynolds Number, the airfoil performance can be ex- 
pected to deteriorate rather rapidly. 

The laminar separation bubble is, however, a rather 
remarkable, and a very fortunate, natural phenome- 
non. Ina sense, it is an automatic, high-performance 
boundary-layer trip that goes into operation as soon 
as the flow must negotiate an adverse pressure gradient. 
The turbulence created by the bubble causes almost 
immediate transition, the resulting turbulent motion 
providing a mechanism for reattachment. The re- 
attached turbulent negotiate 


boundary layer can 


much higher rates of diffusion. The ‘natural trip’’ 
takes only a fraction of the chord to effect transition, 
follows the peak pressure point unfailingly, and has 
none of the drag losses of a mechanical trip. 

In brief, cascade performance at low Reynolds 
Number seems intimately connected with the per- 
formance of the laminar separation bubble. 


REVIEW OF EXPERIMENTAL WORK 


The laminar separation bubble was first noticed in 
connection with the stalling of isolated airfoils and was 
reported by Jones! in 1934. Von Doenhoff? made some 
measurements of boundary-layer profiles in a separation 
bubble and reported the results in 1938. Later inves- 
tigations®~° included more detailed mappings of the 
extent and shape of the separated regions, there being 
at that time an extensive effort to achieve low-drag 
airfoil sections by preserving the laminar boundary 
layer as far aft on the chord as possible. 

A recent study® of the laminar separation bubble 
not only mapped the shape and boundary-layer char- 
acteristics of the bubble but also made an important 
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correlation between the boundary-laver Reynold “ 
Number* at separation and the length of the separat 
region—-that is, the distance required for the boundar 
laver to reach transition and reattach to the surface 
That such a relation exists seems reasonable becays 
transition is dependent upon the boundary-layer Ry . 
nolds Number, turbulence level, and pressure gradient a 
Furthermore, boundary-laver growth along the airfoj 
is likewise dependent upon the Reynolds Number 
upon the pressure distribution. For a given airfoil : 3 
and given turbulence level, one would expect the point “ag 
of transition and reattachment to have a definite rela a 
tionship with the boundary-layer Reynolds Number at o 
separation. This is shown to be the case in Fig, 2 i 
which summarizes the results of the NACA isolated ps 
airfoil data.6 Two curves are shown, one for low angles , 
of incidence where the separated region occurs near the ; 
midchord, and the other for high angles of incidence . 
where the bubble is located very close to the leading : 
edge. The bubble apparently shifts rapidly to the “4 
leading edge at angles of incidence above about _ 
Unfortunately, little work has been done on local sey yy 
aration regions for airfoils in cascade, particularly 
high angles of incidence (near peak efficiency or peak ‘i 
pressure coefficient The bubble does exist, however | 
and effects can be seen very clearly in the cascade pres 
sure distribution summaries of reference 7. r 
Sawyer* has made one of the few comprehensive both 
studies of cascade performance at low Reynolds Num- the 
bers. The separated region was mapped as to length Rey 
over a wide range of Reynolds Number. A critical by ] 
Reynolds Number was reached, at which point the sum 
flow failed to reattach. The same series of tests was F: 
carried out at different turbulence levels and, in one 
case, with a transition strip attached. Complete 
velocity profiles were included for each case so that the 
laminar boundary-layer growth could be calculated 
Sawyer’s cascade performance is summarized in Fig 
3, where the Reynolds Number at which the flow fails 
* Reynolds Number based on the boundary-layer thickness ‘ 
ind on the local velocity immediately outside the boundar 
3 
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is clearly defined by the abrupt change in 


g or discharge angle. It will be shown later that 





ration bubble shape can be related to the 


the sepa 
jlary-laver Reynolds Number in a manner similar 

that shown 1n Fig. 2 for the isolated airfoils 
One other set of cascade data exists which is quite 


ful Australian re 


sseful in the boundary-layer analysis 


have mapped the extent of the separated 
laver over a range of angles of incidence, 


indicating the shift of the bubble from midchord to 


r edge as angle of attack is increased. rhe re 
sults are Shown in Fig. + for two cascade configurations 
Revnolds Number variations were not investigated 
Mae kawa 


experiments designed to illustrate transition caused by 


Atsumi!’ reported in 1948 on some 


and 


laminar flow separation. Their results are not directly 
pplicable to cascade analysis, although they did indi 
ite that the breakdown of separated flow into transi 

n occurred at a fixed Reynolds Number based on the 
jistance traveled downstream from the point of sepa 
ration. The diffusion angles of the turbulent flow are 
presented, but details of the boundary layer—thickness 


ind velocity distribution —are not given. 


PERFORMANCE OF AN AXIAL-FLOW 


COMPRESSOR 


OBSERVED 


The brief description of boundary-layer behavior on 
oth isolated and cascaded airfoils given above suggests 
the performance of an axial-flow compressor at low 
Reynolds Number. Some unpublished data obtained 
by Propulsion Research Corporation are qualitatively 


Fig. 5 indicates the variation of maximum efficiency 


nd peak pressure coefficient with Reynolds Number 
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The distinct break in the data at the critical Revnolds 
Number 1s The slight the 
Reynolds Number is due to the fact that the above 


noted. shift in critical 


performance parameters do not occur at the same flow 


coetticient. The influence of flow coefficient is dis 


cussed later. 

The 
efficient 1s 
Number is clearly defined in this figure 


influence of Reynolds Number on power co 


shown in Fig. 6 rhe critical Reynolds 


Increasing the 


angle of incidence of the flow (decreasing flow coeffi 


cient) causes the critical Reynolds Number to de 
crease since the separation bubble moves to the leading 
edge. As sta 'S appr vached, the critical Reynolds 


Number tends to approach a minimum 

The existence of the critical Reynolds Number 1s 
further emphasized by graphs of blade turning and 
The 


magnitudes of the loss in rotor and stator blade turning 


blade wakes shown in Figs. 7 and 8, respectively. 
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we been assumed to be equal. The blade profile 
insses corresponding to the blade wake pressure dis- 


tribution shown in Fig. 8 are given in Fig. 9. 


PREDICTION OF THE CRITICAL REYNOLDS NUMBER 


As described previously, the laminar boundary layer 
the upper surface of an airfoil separates immediately 
jownstream of the peak velocity point. The boundary 
layer must then go into transition so that a turbulent 
echanism can be set up to cause the flow to reattach. 

In general, transition is dependent upon a Reynolds 
Number, &; calculated from the boundary-layer thick- 
ness and local velocity at a given point. The stream 
turbulence level and the pressure gradient influence 
this number considerably, however. For cascades 
with about the same general configuration, some em 
pirical relation should exist between Xk; at separation 
id the length of the separated region (such as was 
shown in Fig. 2 for isolated airfoils). Such a relation 
will be discussed later. 

Transition occurs when the laminar boundary layer 
becomes unstable to certain disturbances. The exact 
mechanism of transition is imperfectly understood, but 
ipparently two distinct types of transition can take 
place—one holding for very low turbulence levels (less 
than 0.1) and the other occurring when the turbulence 
level is relatively high.'! 

Transition occurring at a high turbulence level was 
predicted by a theory of G. I. Taylor. He assumed 
that transition occurs when fluctuations in the laminar 
layer reach a magnitude such that Ov Oy at the surface 
has momentary values less than zero (so that sporadic 
flow reversals take place). The scale and level of 
turbulence are determining factors in this type of 
transition. The transition at low turbulence level 
less than 0.1) is preceded by instability waves as pre- 
licted by the Tollmien-Schlichting theory. 

Certainly, in an actual compressor, the high-turbu- 
lence-level type of transition takes place since the 
effective turbulence level is greater than 0.1. Unfor- 
tunately, analytical means are not available for pre 
dicting the exact point of transition in the case of a 
separated boundary layer so that empirical relations 
ire sought. 

The cascade data of Sawyer® have been used to con- 
struct the relation between the &; at separation and the 
length of the bubble as shown in Fig. 10. Two curves 
have been derived for turbulence levels of 1 per cent 
ind 3.4 per cent, respectively. By use of these em- 
pirical curves, the distance between the separation point 
ind the point of reattachment can be estimated for any 
similar type of cascade if R; at separation is known. 
Furthermore, these curves can be used to find the case 
where the bubble will extend to the trailing edge of the 
urfoil, thus giving the critical Reynolds Number. It 
is noted that the Sawyer data describe the bubble 
formation at low angles of incidence only and cannot 
be used at high angles of incidence. 

R; at the separation point can be calculated if the 
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velocity distribution and inlet Reynolds Number are 
known. Thwaites'® gives the following expression for 
the boundary-layer growth: 


6? = 0.45 »( V)— | 1 dx 
J 0 
where 
@ = momentum thickness 
1” = local velocity outside the boundary layer 


In terms of the blade chord, inlet velocity, and Reynolds 
Number at the inlet, the above expression is 


mo (=e) L(Yaa 


where Ry, = Vic) v 


R; can be related to the above equation: 


Re = (Vé)/r = Ry, (V/V) (6/e 
R, (V/V) (6c) (6*/6) (6/6* 33) 
A \ R, | ie (6* 6 6. 6* | 


where 6* = displacement thickness. The shape factor, 
HT = 6*/@, at separation, is generally about 2.7 or 2.8 
and can be assumed constant at this value. Likewise, 
at separation, 6/6* and &,, can be related to the axial 


Reynolds number since 
R, Ry (Ca/ V 


6 |" / 
so that R All «1, 1. VR (4 


0 


The quantity 6/6* has been evaluated from a typical 
boundary layer velocity distribution just prior to sep 
aration and has been assumed to be constant with 
Reynolds Number. The term inside the brackets 1s 
now dependent on the velocity distribution alone and 
does not vary with Reynolds Number. Actually, 
Sawyer's data show some slight variation in the ve- 
locity distribution-—-and, hence, in the separation 
point—but the change is quite small. 

The equivalent expression for 6/c is 


5 ( All A 
( VV,/C, **/] VR, . 


where again the quantity in parentheses is assumed to 
be unaffected by changes in Reynolds Number. 

At the critical Reynolds Number, the length of the 
separated region is simply the distance from the sep- 


aration point to the trailing edge 
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—Equation (6) 


Critical Reynolds Number 


Experimental Curve 








SKETCH A 


thus giving a relation between A; and X at the critical 
Reynolds Number. Another relation exists that must 
be satisfied at separation namely, the experimental 
curve shown in Fig. 10. Graphing these two relations 
simultaneously gives the critical Reynolds Number. 
(See Sketch A.) 

The separation point can be found if the boundary 
layer geometry and velocity distribution are known. 
Loitsianskii (in reference 14) indicates that laminar 
separation will occur if the diffusion factor D, reaches 
—O0.0SSS. 


a value of = In terms of the already de 


rived expression, A, 


d(V/ V4) 


d(x ‘c) (7 


= —(),0SSS 


COMPARISON OF CALCULATED AND ACTUAL CRITICAL 
REYNOLDS NUMBER 


The procedure outlined above was followed in esti 
mating a critical Reynolds Number for comparison with 
the unpublished data shown in Figs. 5-9. Velocity 
distributions as shown in Fig. 11 were taken from 
Rannie’s compressor test results’? and were used to 
estimate the chordwise separation point and the 
parameter A. The separation point as determined by 
Eq. (7) is shown. 

The shape factor //, and the ratio 6 6* at separation 
were based on the boundary layer velocity distribution 
shown in reference 6 and were taken as 2.84 and 1.515, 
respectively. 

Since the empirical curve relating \ and &; for cas- 
cades applied only for low angles of incidence, the 
critical Reynolds Number was not calculated for an 
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incidence angle above 5° (as suggested by Fig. 4 
The calculated and actual critical Reynolds Numbe; 
are compared in Fig. 12. The values compare close] 


at design angle of incidence. 


CONCLUSIONS AND RECOMMENDATIONS 


(1) In normal operation at any operating Reynol 
Number, a laminar separation bubble forms on ¢| 
suction side of the compressor blade At very | 
Reynolds Number this bubble fails to reattach to th 
surface, causing a loss in turning and a loss in ef 
ciency. This phenomenon is clearly discernible in th 
performance data of a typical compressor. 

(2) It is possible to predict the critical Reynolds 


Number at low angles of incidence with good accuracy 


by an empirical method provided that the compressor 


geometry is similar to that implied in the empiric 
relations. 

(3) Future analyses might include an attempt t 
correlate the experimental relation between bubbk 
geometry and the separation Reynolds Number (R; vs 
A) with cascade geometry and cascade performance 
parameters. A combination of the solidity and the 
rate of diffusion parameters probably can furnish som 
common denominator between isolated and cascaded 
airfoil data. 

(4) Future experimental work should include some 
analysis of the bubble geometry for cascaded airfoils 
at high angles of incidence. 

(5) Transition phenomena for a free-floating bound 
ary layer should be investigated both analytically and 


experimentally. 
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IS on th 


very loy 

ich to th SUMMARY oscillations of a two-dimensional supersonic jet of gas 

SS in ein he general problem of the behavior of i supersonic jet emerg embedded in a supersonic stream, assuming steady 

ble in the g into medium in supersonic motion is of interest, since it motion and only small variations in pressure through 
esents the motion relative to a rocket in supersonic flight of out The methods of approach in these studies are 

; low o haust gases from the rocket motor. In this . . 
Reynolds no See eo : ais eiaaeii aed asaiii shes eka particular to two-dimensional flow. In the following 
‘ 1 examination is made, on the basis of the linearized theory of ag : ‘ 
accuracy : paragraphs an analysis is made of the oscillations ol 
gas dynamics, of both two-dimensional and axially symmetrical - 
1 pressor ts. The findings of Pai and Kawamura on the reflection and both two-dimensional and axially symmetrical jets of 
empirical ransmission of waves in two-dimensional jets are confirmed and gas moving at supersonic speed in an infinite medium 


1 


subject treated in generality In axially symmetrical jets which is likewise in supersonic motion. As in the 


tis found that the displacement of the jet boundary may be di 


tempt t earlier papers the basis is the linearized equation o 
bbl ded into threc parts; the first is a constant (the isvimptotic 1 ‘ é 1 . | 
l IL Es a , ye , . Ee - -~hanges < 

_— idth of the jet), the second may be expressed as an infinite Steady motion in gas Gynamics, pressure chang i 





r (R; vs tegral, and the third is obtained as the superposition of an infi assumed to be everywhere small, and both heat conduc 
formance te number of damped harmonic oscillations. The latter may be tion and viscosity are neglected. 

and the trongly damped and for certain choices of Mach Number of the The analvsis of the oscillations of two-dimensional 
; uter and inner streams may be absent. Comparisons are mad a a 

ish some lintgsr mg air” oe ee Rpt NETO rae supersonic jets sets up the procedure and presents the 


ween the two-dimensional] and axially symmetrical flows : : : é . ; ‘ , 
findings of Paiand Kawamura in a general form. Some 


cascaded ‘ ' : é ; 
led he final change in the width of the axially svmmetrical jet is : 
ist one-half of the change in the two-dimensional jet new features are illustrated. The study of the oscilla 
de some tions of axially symmetrical jets presents greater 
I airfoils SYMBOLS analytical difficulties. However, particular attention 
il is paid to the differences between the reflection and 
d speed of sound 
; bound Vf = Mach Number transmission phenomena in the two-dimensional and 
ally and pressure axially symmetrical cases. An examination is made 
AP = excess of pressure in jet of the flow near to and at a large distance from the ori 
speed of uniform flow ‘i P : ; a ‘ 
te fice from which the jet flows. It is found that the ulti 
coordinates : — , ; . : 
sndahed «-encmdinate mate change in the width of an axially symmetrical jet 
“ptember R = radius of jet is just one-half that of the two-dimensional jet under 
R = ultimate radius of jet the same conditions at the orifice. Some remarks are 
Bound - / > ° ° .* ° . ° 
P — = ¥ (ae made concerning the singularities within the jet as well 
; nig as those which occur in the gradient of the boundary. 
ratio of specific heats 
on k = M28 / 72M? 
Vode . 7 : 
{ = density EQUATIONS AND BOUNDARY CONDITIONS 
vember P AP 0 l a 
F(x), f(t displacement of jet boundary The pressure changes are assumed to be everywhere 
| aT p, é = coordinates used in Laplace transforms small, heat conduction and viscosity are neglected, 
mM = (1 R)\/(1 +k ; : ; 
; ; and the motion is supposed to be steady. 
t = velocity potential ibitese ne . deal 
"6 = perturbation potential Let the jet issue as a uniform parallel stream of 1 eal 
= H = step function gas with ratio of specific heats y; from an orifice ol 
Suffix | refers to the jet radius (or semi-width in two-dimensional flow) R with 
Suthx 2 S . » di : ‘ a 
tte at to the outer medium Mach Number J/; (>1), velocity U1, and density py 
Bars are used for Laplace transforms . rreh : . - . 
at pressure P;; let it issue into an ideal gas with ratio 
of specific heats y. which, upstream from the orifice, 
—— INTRODUCTION iy ees 
flows as a uniform parallel stream in the same direc- 
—~\, WWE GENERAL PROBLEM OF THE BEHAVIOR of a super- tion as the jet with Mach Number .l/, (>1), velocity 
sonic jet emerging into a medium in supersonic (», density p:, and pressure P:. Suppose that the 
motion is of interest, since it represents the motion pressure difference AP = P, P, is small compared 
relative to a rocket in supersonic flight of the flow of with P» or pol». Write 
exhaust gases from the rocket motor. Studies have : : 
. ' 
Ti ‘- r ° a 9 e ‘] = — 
recently been made by Pai! and Kawamura? of the Al’ Pp» . 
~onolds | Received June 17, 1955 The fluctuations of the two streams from uniform 
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earized equation of supersonic motion is used for the 
velocity potential. Let x be the distance measured 
from the orifice in the direction of the motion of the 
uniform streams and let r be the distance measured 
from and perpendicular to the axis of symmetry. Then 
the velocity potentials ®,, #. in the inner and outer 
streams, respectively, may be written 


®, = Ui(x +), Be = Uxl(x + hd) (1) 


Let a;, dz be the speeds of sound at x = 0 in the jet and 
outer medium, respectively. To a first approxima- 
tion 

(U1?) My?) /(U2?/ y2M?) 


po/ pr = Y201"/ y1a2" = 


au? p2U.” = yi? yoM.? 


giving 
The pressure in the jet is 

P = P, — p,U12(0¢)/0x) 
and in the outer medium it is 

P = P. — pol/27(0g2/0x) 


to the first order of small quantities. The condition 
for the continuity of pressure across the boundary be- 
tween the two streams, when this boundary is assumed 


to have the equation 


r= R{1l + F(x)], F(x) = Of) (3) 

is thus 
(Ode, Ox) — [(y14/;7) (y2A72") |(O¢) Ox) =-—e onr=R 
(4) 


The condition for continuity of the direction of flow 

across the boundary is simply 

O¢2/Or = 0¢:/0r on r=R (5) 

THE Two-DIMENSIONAL SUPERSONIC JET IN A SUPER- 
SONIC STREAM 


The velocity potentials ¢; and ¢: in the two-dimen- 
sional case satisfy the differential equation 


0°/Or? = (MM? — 1)(0°/0x") 


The Laplace transform of ¢ is 
o = } e ?“d(x,r)dx 
7 


and it satisfies the differential equation 

(M? — 1)p*6 (6) 
Write M,? — 1 = a;*, MZ? — 1 = a’, B = ae/a, k = 
VM ya2/y2Me? ay = M76 ‘2M 2. The solution of 
Eq. (6) which is chosen for the outer medium must be 
one which represents waves propagated downstream, 
since, in the supersonic flow, the disturbances caused 
by the emergence of the jet from the orifice can have 
no effect upstream of the leading Mach line from the 
edge of the orifice when boundary-layer effects, pro- 


07¢/0r? = 


duced by viscosity of the gas on the outer surface of 
the nozzle from which the jet flows, are neglected as 
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here. Thus, 


Qe Ae - 


In the jet itself waves are reflected at the boundar 
and the form of the potential which includes both j; 
dent and reflected waves is 


do: = Ceo™ i ad 


The boundary conditions (4) and (5) impose ¢} 


following conditions upon the Laplace transforms ¢ 


gd. on r = R: 
g: — kB-'o, = —ep 7 
O¢:/Or = O¢;/Or ¢ 
The condition that the r-component of velocity var 
ishes on the plane r = 0 becomes 
0¢:/0r = 0 onr=0 


By means of Eq. (7), (8), and (9) the values of th 





constants A, C, and D are obtained. Thus, 
" 60 cosh a,pr 
a = ape ‘. 
p* sinh aipR + k cosh apR 
: e sinh apRe ™ ‘ 
and gd = — 


p* sinh apR + k cosh apR 
The Laplace transform F(p) of the function F(«) whic 
occurs in Eq. (2) of the jet boundary is given by the 


boundary condition 


RpF(p) = (06/0r), — r 10) 
QHE sinh aipR 
p sinh apR + k cosh apR 
Write F(x) = €aQ2f(f), ¢ = */ak, = = a pR. Then 
F(p) = Rayraref(é) 
; l sinh & 
with f(g) = — ; 8 


£° sinh € + k cosh 


this may be written 


With p = (1 — k&)/(1 + &), 
(1 +k) 


71 — e~“)/(1 — pe 


t(£) = 


Since k > 0, |u} < 1. 

A study of the wave formation in the boundary ma) 
be made by expanding f(£) in ascending powers of e ~ 
and transforming the resulting series term by term 


Since 
Ae) = (1 +k) Eft — A — we (1 + pe * + 
ue 43 
ft)}= (1+ ek) jt - 1 — pl — 2) X(t -— 2) 7 
u(t — 4) W(t — 4) + w(t — 6) H(t — 6) + ..- J} 
where WS) = 1.4 2 Or 
= 0, i < 0) 
The values of the gradient /’() are: (1 + k)~' between 
t = Oandt = 2; w (1 + k)—! between ¢ = 2 andt = 4; 
4 andt = 6; etc. Thus, 1 


u?(1 + k)—! between t = 


uw > 0, the jet is expanding or contracting monotomr 
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OSCILLATIONS OF 
cally as the distance downstream increases; on the 
ther hand, if uw < O, the gradient of the jet oscillates 
In either event the jet tends asymptotically 


in sign. 
a finite width given by f(t) = (1 + k) > 2" = 
0 
1.€., Fi mo) = €A)A>» k. 


When the ratios of specific heats in the jet and the 
yter medium are equal, the conditions may be ex- 
pressed simply as follows: 

Expanding or contracting if either My > AM» and 
nao < lor M, < Meand ajay. > 1. 

Oscillating if either My > AM. and aja, > 1 or MI, < Me 
nd aay < |. 

These conditions are the same as those given by 
There is a singular case when 
Mb» or 


Kawamura in his paper. 


b= 1(u = 0). This arises when either /, = 
ya = 1. The latter case is not trivial. When aja, = 
t) = (2¢)-1(1 —e *f) | giving 
f(t) = [¢ — (t — 2) H(t — 2))/2 
[he jet “‘expands”’ from the orifice to (2) = 1, and the 


jet remains thereafter at constant width given by 


= lor Fis) = <«. 


REFLECTION AND TRANSMISSION COEFFICIENTS IN Two- 
DIMENSIONAL FLOW 


In order to see the nature of the reflected and trans- 
mitted waves and to obtain the reflection and trans- 
mission coefficients defined by Pai, it is only necessary 


to expand the expressions for ¢:, ¢2 in powers of expo- 


nentials. Thus 
— t(1—r/R 2tr/R 
€8a,"R° Bei ' (1 + é ° *) 
‘ g (l+k) (1 — pe *) 
»D°? £(1 r/R 
6Ba,"R° hy 2ty/R 2 
a ll+e- a a 2 
- (1 + k) 
2t(1+7/R » 4é ° 1¢—2ir/R 
pe + pe + pe + ] 


which gives, on interpreting term by term, 


Baik (: ry a ( , ) | 
ate R 7 = ” 

(bial b-s)eelin gs) 

' R R ad id Milled as 


H(-5-3)+-] 


This shows that there is no disturbance in the jet up- 
stream of the leading characteristics from the edges of 
the orifice [f + (r/R) — 1 < 0], as is to be expected on 
general principles. If the upper half of the jet is con- 
sidered in detail, the first term represents the wave 
downstream of the leading characteristic from the 

the wave that first appears in the region 1 
The second term represents the disturbance 


upper edge 
of Fig. 1, 

associated with the leading characteristic from the 
lower edge; it crosses the axis of symmetry at ¢ = | and 


A 


SUPERSONIC 


GAS JET 749 








I 0 iil 
1 2 3 


NOZZLE - : 





Sketch illustrating the domains of influence of successive 
reflected and transmitted waves 


Fic. | 


affects the upper half-plane in region 2 and downstream 
The third term represents the reflection of 
The amplitude 


of this. 
this wave at the boundary of the jet. 
of this reflected wave is uw times that of the incident 
wave. Pai, whose re- 
flection coefficient is identical with y» of this paper when 

9 Since u may 
be greater or less than zero according as k < or > 1, 
the implication is that a wave of expansion, for ex- 


This confirms the finding of 


y1 and y2 are made equal in the latter. 


ample, may be reflected either as a wave of expansion 


or of compression according to the sign of uw. The 
singular case «4 = 0 corresponds to no reflected wave. 
These results are illustrated in the behavior of the 


boundary between the jet and the outer medium, which 
has already been considered. 
When @ is expanded in powers of exponentials and 


interpreted term by term one obtains 
a," R- or : or 
a | (: - +a) a(s “ 
(+ &)L R R 
( e+e ) H ( e+e ) 
(li—yz)(t- p—2 -—+f-2 
¥ R R 
y % Or 
+i- ) H (: - 
R 


In the upper half-plane the successive terms on the 
right-hand side first affect the flow in the regions in 
Fig. 1 marked I, IJ, III, . The 


transmission coefficient, defined as the ratio of the am- 


respectively. 


plitude of the transmitted wave to the incident wave at 
R, is clearly (1 — yu)/8, 


, 


t = 2n(n = 
which is the value obtained by Pai. 


r= 


i * , 


SYMMETRICAL SUPERSONIC JET IN A 


SUPERSONIC STREAM 


THE AXIALLY 


When the flow possesses axial symmetry, the veloc- 


ity potentials satisfy the equation 
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Fic. 2.) Contour for the inversion of the Laplace transform 


(0° / Or?) + [(1/r)(Od Or)] = (I? — 1)(0°¢ Ox?) 


and the corresponding transforms satisfy the equation 


(d°@/dr*?) + [C1 r)(dé,dr)| — ap? = 0 (12) 


The solutions of Eq. (12) appropriate to the inner and 


outer streams are, respectively, 


1 = Al, (ai pr) 


; 15) 
g: = BR, (apr) | 


and 


where A and B are constants and /)(£), Ay(~) are Bessel 
functions of the first and second kinds of imaginary 


argument. @, is the solution of Eq. (12) which is regu 
lar at y = O and which satisfies the boundary condition 


(9); gd» 1s the solution that tends to zero at an infinite 
distance from the axis of the jet. 
Substitution from Eqs. (13) into Eqs. (7) and (S 


gives 


BRy(aspR) — kB'Aly (apR) —ep 


wBK (a PR) + aA l\(a:pR) = (0 


notation as in the two-dimensional 


With the 


problem, these equations lead to the following trans 


same 


forms of the potentials: 


z €eBa,"R? Io(ré/ R)Ky(BE) 

= & [7:(E) Ay (BE) + RIy(E) A (GE) | | ian 
— €a,"R? 1,(£)Ay(Bré/ R) 

ee [7 (E) Ay (BE) + as 


The transform of the function /(/) which gives the 
oscillations of the boundary [see Eqs. (10) and (11)] is 
given by 
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f(&) = 





T(E) Ky (BE) VERE) Ao (BE) + RJo(E) Ay (BE) ]! 


| 


In the following paragraphs the oscillations of the je 


boundary are discussed and some consideration ; 
given to the singularities within the jet which are jnd 
cated by Eqs. (14). 

The form of the jet boundary will be known when th 
transform of Eq. (15) is found. 
the properties of the transform most simply, it is neces 
sary to examine the singularities of this equatio 
these consist of a logarithmic branch point at ¢ 


and poles at the other zeros of the denominator, 


THE POLES OI f(g 


The poles of f(£) are given by the zeros of the expres 


sion 


D(é) T(E) Ko(BE) + Ry(E) Ky (BE 


For large values of | & 


e* F te * - ; 
D(é) ~ =r ie 
(27&)° ~ 2Bé 
k i I i 1 
, (27é)' | 2Bé . 


where the upper sign is to be taken in the upper hall 
plane, the lower sign in the lower half-plane. On r 
arranging the terms, 


> 


(23' “E) [C1 + k)e* F (1 — Roe 


D(é) ~ [:(&) = fe Ps 


l 


This vanishes at the points 


l 1 —k ; l E 
& = — log t ir| V+  sen(l —k i 
re l1+k | 


~ T x 4 


N integral (or zero) subject to the conditions 
> 1if k > 1, and with the upper and 


with 
N > 0ifk<1,N 
lower signs applying to the upper and lower hall 
planes, respectively. 

If k = 1, /(é) certainly has no zeros in the finite part 
of the &-plane. 

Let (é) = /,(&) in the upper half-plane and /(é 
/,(é) in the lower half-plane. 
which are at some distance fron 
At this 


The zeros of D(é) 
the origin will be given closely by Eq. (17). 
stage it is useful to see whether the number of zeros 0! 
D(é) is equal to the number of zeros of /:(&); if so, 1 
may be hoped that each zero of D(£) is represented ap 
proximately by one and one only of the zeros of E(é 
The check may be made in the upper half-plane by com 
paring the change in argument of D(£) with that o 
i:,,(£) round a large semicircle with center at the origit 
and with the real axis as the bounding diameter, 1 
dented by means of a vanishingly small semicirck 
above the origin; in the lower half-plane the change 1! 
the argument of D(é) may be compared with that o! 
E(é) round a similar contour indented below the origin 

Consider the change in argument of D(é) and Fulé 
round the contour (taken anti-clockwise) in the upper 


In order to discuss 
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8) ] | half-plane It is evident that the arguments change boundary; also /(O 0 as it should be. 
hy the same amount round the semicircle of radius A When Eq. (1S) is differentiated with respect to / 
of the ie n the limit as r eile Round the small semicircle the resulting integral is uniformly convergent for ¢ > 0, 
ration indenting the origin, on which D(é) ~ k Bé, the argu except at the points ¢ = 2r (? eA . An ex 
one ial ments of D(é) and F,(&) alike increase by zw. Along pansion of f(£) by the binomial theorem in powers ot 
a the negative real axis, with ne", D(é) has always e for large £ shows that, at the points / }o02 ? 
when th negative real part; arg D(é) increases by (1 2)m X m a 2, , there are logarithmic infinities in the 
dines sgn] k Arg /,(&) increases by sgn (1 k) X gradient /'(t), while at the points / jm (m L, 2, 
is neces | bite | - ‘) ee eon meee ee as there are finite discontinuities. rhe value of 
quatior J “4 ‘ 1 § oe - ie dl, dt is zero for t < O; for ¢ tO itis 1/(1 + ek 
it & a \long the positive real axis D(£) is always real and posi- lhe discontinuity of gradient across / 0 represents 
" tive: thus arg D(g) is constant. Arg £,(&) increases the expansion (or contraction) that, when boundary 
_s layer effects are neglected, is produced at the rim of the 
by sgn (1 — A) tan +h The total change along orifice by the pressure difference between the inner 
the real axis with the indentation is therefore + (3 2) 7 and the outer media. 
€ Expres b< 1) or + (1 2)a(k > 1) for both functions. It The value of f(t) may be expressed in terms of real 
jollows that they have the same number of zeros in the variables by considering the integral 
upper half-plane. A similar check shows that D(é) . 
ind E,(é) have the same number of zeros in the lower oe | e® F(t) dt t>0 
half-plane. The zeros of the function D(£) are there- Dri J | 
fore one-to-one with the zeros of 4(é). The extent to _ ee : 
which the members of one set may be viewed as approxi- where I is the contour ABC DEFGA illustrated in Fig. 
mations to the members of the other depends upon the 2. The large semicircle 1S chosen so as not to pass 
dequacy of the asymptotic expressions replacing the thr ugh a pole of the integrand, For all k the value of 
Bessel functions. The accuracy should be good pro- the integral taken round this semicircle tends to zero as 
anid ided |, |8€| > 1. This precludes small values of 8; the radius tends to infinity. By Cauchy's theorem, 
On r even for small k, with 6 not small, £& = O(1), so that aa wane at Se mnnge Ja oer 5 ~~ niacin “i oe 
the requirements will be satisfied in general. residues at the poles - the integrand within I’; call 
this sum s(/). Each residue yields a term to s(¢) which 
Re THE OSCILLATIONS OF THE BOUNDARY contains the factor uw “—i.e., exp [(1/2) tlog | u |, inso 
1f; far as the zeros of /(£) may be used to represent the 
. rhe oscillations of the boundary are given directly poles of the integrand. Since the logarithm in this 
| by the integral factor is negative for all permitted values of yu, the am 
| | — . plitude of each oscillatory term falls off exponentially 
li | f= —— e* f(E)dE = f(t) (18) with the distance downstream; each term represents a 
ven damped oscillation. For k == | the damping is very 
ditions | by the inversion theorem for Laplace transforms, 7 strong; for k = 1 the oscillatory terms vanish com 
ver and | being a constant greater than the real part of all the pletely. The contribution to / from the vanishingly 
r hall singularities of f(£)—1.e., y > O. The integral /; is small circle DEF is —1/2k; the contributions from CD 
uniformly convergent for all ¢ and therefore represents and FG combine to give an infinite integral. The re- 
te part | a mathematically continuous oscillation of the jet sult is that 
es - 
oe ft) = s(t) 4 | l [ e 1, 7(£)E~8dE (19 
e from ON a BS {UE KolB8) + Rlo(&) Kr (BE) J® + 2 [(E)Lo(BE) — Rlo()i(8E) Ff ” 
\t this 
eros 0! This relation shows that the ultimate radius R’ of a outer medium (e€ < 0). The change is exactly one 
so, 1 jet issuing from an orifice of radius R is half that obtained in a two-dimensional jet (see above). 
ed ap The limiting value of R’ may be obtained directly 
PEGE R’ = R(1 + eajas/ 2k from a consideration of the flux of mass at the orifice 
y com and at a large distance downstream. 
hat o! | indicating a slight expansion of radius when there is an If the approximations of Eq. (16) are made, the 
origi! | initial excess pressure in the jet (e > 0), and a slight series s(¢) may be found by the calculus of residues in 
or, i shrinking when there is an initial excess pressure in the the form 
icircle 
nge 1 7 
f - ) 
iat ol —_ - M ul'2? x 
rigitl Qu 
Ful’) | wt (1/4) log? |u| — [NV + (1 +) ]2x2{ cos [N + (1/4) ]tr + (@ log |u| )[N + (1/4)] sin [V + (1/4) ]te 


upper "et (1 +) log? | yu) + [V+ (1 4) ]?x?}? 
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Fic. 3. Form of the jet boundary for axially symmetrical flow 
with M, = /2, M. = 2 
when k < 1 (u > 0); when k > 1 (uw < O) the lower 
limit of the summation becomes V = | and V — (1/4) 
must be written for V + (1/4) throughout the series. 
The behavior of the derivative s’(t) of this series 
exhibits the singularities of the boundary of the jet. 
A study of the terms of s’(¢) with large values of NV 
reveals that there is a discontinuity in the gradient at 
points corresponding to ¢ = 4m (m = 1, 2, ...) of 
' This result is 


2m 


magnitude (1 /2)(—1)” (1 — pw? )u 
true for both positive and negative values of u. While 
the magnitudes of the discontinuities are equal to those 
in the two-dimensional case, the signs of alternate dis- 
continuities are opposite. At the points ¢ = 4m — 2 
tone 1, 2. .), the singularities are of logarithmic 
type; in fact s’(‘) has a singular part represented by 


3 382 logt  238°(1 — Ra)r’( 


ii) = oo — (1 — kp) 
2k tk?/? 2k i 


The discontinuities in the gradient of the jet at the 
points / = 2r are not revealed by the above transforma 
tions, which yield only the contribution from the singu- 
larity of f(~) with the greatest real part—i.e., from the 





Fic. 4. Axially symmetrical supersonic jet embedded in a 
supersonic stream. (MM, = 2.6, Me = 1.8; P, = 5.28 lb./sq.in., 
P, = 5.23 lb./sq.in. Photograph taken at Cornell Aeronautical 
Laboratory by J. G. Wilder, Jr., and reproduced by courtesy of 
the United States Air Force. ) 


1) + 38) (282 — Dk + 4811 — RB) [log (1/2)8 + CJ} 


> a» 


(1/27)(— 1) Md — pp) 
behavior may be compared with that of the flow jn 


m 


“log |4m — 2-1). This 


quasi-cylindrical tube* and also in the flow of an axiajhy 
symmetrical jet issuing at supersonic speed into . 
medium at rest.! 


THE BEHAVIOR FOR LARGE AND SMALL DISTANCEs 
DOWNSTREAM 


Eq. (19), although complicated, may be used for 
computing the shape of the boundary of the jet. For 
the present purpose, however, it will be sufficient to 
examine in some detail the behavior near the orific 
and at large distances. This may be done by means of 
well-known theorems on Laplace transforms. 

Near — = 0, f(&) possesses the expansion 


BY) | (282-1) +" 1 — Be ( a C 
2b- — ) ( — GDR) g O-7 
k? | 16 tk VB 9 x 


Blog&é+. + Me + azé> + (20 


consisting of a power series in £ together with a series 
containing mixed powers of £ and log & In Eq. (20 
C denotes Euler’s constant and qd, ds, are constants 
that do not need to be evaluated explicitly for the pres- 
ent purpose. 

Corresponding to Eq. (20) there is the asymptotic 


expansion * 


QP3t4 
9 
oi 
singularity at £ = 0. However, while the contribu 


tions to the gradient from the poles, which are on a line 
approximately parallel to the imaginary axis, have a 
discontinuous sum, the sum is very strongly damped for 
large ¢, so that the profile given by the series (21) is not 
significantly in error. It will be noticed that lim 


— 


f(t) = 1/2k, as deduced previously from Eq. (19). 
The form of /(¢) near the origin is obtained by a trans 
formation of the asymptotic form of f(£). As &—> 
I : | — ke 
f(g) ~ é _ 


e* + 
l+k 28(1 + k)? 
[(1 — kB)? + 3k (1 + 8B)? ] 
SB7(1 + k)? 


c—s 
S 


* See reference 5, Section 126. An additional theorem 1s fé 
quired to supplement those given by Carslaw and Jaeger. 1 his 
is that, subject to the same conditions as are required for the 
transformation of a series of terms such as log & > b,&", the 

n 0 


ransform of log? > c,é” has the asymptotic expansion 
n 0 


3 r , . 
2] 2D (=F) Mef-S O's + 1) r(n + 1) logt 
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OSCILLATIONS OF A 


to which corresponds the expansion for small ¢ (see 
reference 9, Section 123) 
1—ke . 
> t 
$3(1 + k)? 
[(1 — kB)? + 3k(1 + B)?] 
3 (99% 


486" (1 + k)* 


The gradient of the jet at ¢ = Ois + ea2/(1 + k), show- 
ing a small initial increase in jet width downstream from 
the orifice when there is an initial excess pressure in the 
iet (« > UO), aS Was to be expected. 

~ In order to give an idea of the form of the jet as indi- 
cated by the linearized theory presented here, an ex- 
ample has been worked out with y; = ye, and the results 
are illustrated in Fig. 3. The Mach Numbers in the 
iet and outer medium were taken to be 1/2 and 2, 
respectively; then a = l,a. = ¥ '3, B = V3, andk = 
\/3/2. This case was chosen as leading to the smallest 
possible value of k for J, = 2. The ordinate in Fig. 3 
is f(t) and is therefore proportional to the increase in 
width of the jet after leaving the orifice. Since a; = 1, 
: = (R; thus ¢ measures in this instance the distance 
downstream in orifice radii. Limitation of space re 
quires a Severe compression of the abscissas. 

The boundary is closely linear for a radius downstream 
and settles down quickly to a fairly uniform width; it 
isalmost within 5 per cent of its asymptotic thickness at 
five orifice radii downstream of the nozzle. The ex- 
pansions in ¢ and 1/¢ found above are not to be ex- 
pected to give reliable results between ¢ = 1 and?¢ = 4; 
however, since f(¢) is initially rising and finally falling, 
the shape of the jet may be supposed to be something 
like that indicated by transferring from the one calcu- 
lation to the other along the dotted line. It is clear 
that for a small pressure difference the disturbance of 
the boundary will appear to be very slight; when at 
overpressure the jet will have a small initial bulge but 
will quickly settle down to almost uniform thickness 
with a radius that is greater than its initial radius. An 
example of an axially symmetric supersonic jet in a 
supersonic stream obtained in the course of some experi 
ments is given in Fig. 4. The photograph shows some 
of the reflected and transmitted waves in the jet. 


DISCONTINUITIES IN THE AXIALLY SYMMETRICAL FLow 


The discontinuities in the axially symmetrical flow 
may be examined by the same methods as those em- 
ployed by Ward?’ in his study of flow inside a quasi- 
When 
the Bessel functions in the expression for }: in Eq. (14 


cylindrical tube, and they are, in fact, similar. 


are replaced by their asymptotic expansions and only 


first terms are retained 
06, Or ~ (1 + k)~'Beay*R ‘vr *E—! exp (BE — BER 


This shows that there is a discontinuity in velocity 
which falls off as r across the line ¢ = B(r — R)/R; 
this is the representation in the linearized flow of the 
shock wave or expansion occurring in the outer medium 


and springing from the rim of the orifice. 
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Consideration of the form of 6; shows that there are 
discontinuities within the jet of the same character as 
those found by Ward. In particular, on the leading Mach 
cone from the rim of the orifice, 6; ~ Be(1 + k)-! &X 
aR ‘*r” “E-? exp [—E(1 r/R)|, showing that @ 
tends to infinity asr “* as r tends to zero. 

As Ward has remarked, the singularities indicated by 
the solutions of the linearized equation of gas dynamics 
are not to be accepted; however, they do indicate the 
presence of focusing ‘effects and’ enable an understand 
ing of the general nature of the flow while an exact 
equation is 


solution of the nonlinear differential 


awaited. 


CONCLUSION 


The linearized equation of gas dynamics indicates 
the character of the flow when a supersonic jet emerges 
into an outer medium which is itself in supersonic mo 
tion. There are notable differences between the two 
dimensional and axially symmetrical flow. In two 
dimensions, the jet first expands if at overpressure. 
Thereafter, at successive reflections of waves on the 
boundary, it either continues to expand with reducing 
gradient or it oscillates, according to whether the sign 
of w = (1 — k)/(1 + &), with k = y:My2a0/y2.Me2 a, 
is positive or negative. (For overpressure in the outer 
medium read contraction for expansion in the above. 
The ultimate radius of the jet is (1 + eaa./k) times 
the orifice radius. 

The axially symmetrical jet has singularities in its 
boundary gradient which are alternately logarithmic 
singularities and simple discontinuities. The signs of 
the discontinuities are only alternately the same as 
those in the two-dimensional case, although the mag 
nitudes are always equal at corresponding points. An 
analysis of the boundary oscillations shows that there 
is a quick convergence to the asymptotic thickness of 
the jet, which is (1 + ea;a2/2k) times the orifice radius; 
ultimate expansion (or contraction) of the jet is seen to 
be one-half that in the corresponding two-dimensional 
jet. 

Transmission and reflection coefficients obtained for 
two-dimensional jets agree with those previously ob 
tained by Pai. Some remarks are made on the singu 
larities other than those on the boundary both for two 
dimensional and axially symmetrical jets. , 
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Effect of Wind-Tunnel Contraction on 
Free-Stream Turbulence 


MAHINDER S. UBEROI* 


Unwersity of Michigan 


SUMMARY 


The effect of wind-tunnel contraction on free-stream turbulence 
is determined by passing a well-defined turbulence through three 
and 16:1 


measurements show that, in absolute magnitudes, the longitu 


contractions of ratios 4:1, 9:1, Turbulent velocity 
dinal component decreases and the lateral component increases 
Post 


are measured to get an idea about the dis 


as the flow accelerates through the contraction. and pre 
contraction spectra 


tortion of turbulence structure 


Corresponding to the test section of a wind tunnel, a uniform 
section was placed after the contraction. The turbulence is 
fairly homogeneous and axisymmetric at the end of the contrac 


the turbulent in three velocity components 


slowly equalizes as the flow goes through the uniform section 


tion, and energy 
Measurements show that the lateral (larger) component is losing 
more energy due to viscosity than by transfer to the longitudinal 
(smaller) component. The longitudinal component is receiving 
enough energy to compensate for its decay, and, in fact, it is 
slowly increasing 


For supersonic nozzles, elementary considerations show that 
the effects of increase in the mean speed and decrease in the den 


sity are both beneficial in reducing the flow irregularities 


The relation of this investigation to the general problem of 


turbulent flows is discussed, particularly in connection with 


local isotropy and the concept of a cascade process in shear flows 


SYMBOLS 


( = U/l 

E = longitudinal spectrum of 42 
F = longitudinal spectrum of v7? 
k = 2rn/U = wave number 

V = mesh length of grid 
n = frequency, cycles per sec 
Ry = U,M/v 

l = mean speed 


components of turbulent velocity 


ut = “eddy” turbulence 

Us = velocity due to sound waves 
&,n, €¢ = components of vorticity 

p = density 

v = kinematic viscosity 


An overbar denotes mean value. 
Subscripts 1 and 2 denote pre- and postcontraction values of a 


quantity, respectively. 
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INTRODUCTION 


— ATTAINMENT of uniform flow, free of turbulenc 
and pulsations, is of foremost importance in many 
experimental investigations of fluid dynamics problems 
It was first pointed out by Prandtl' that a sharp de 
crease in the cross-sectional area of a pipe with conse 
quent increase in the mean speed smooths out the flow 
irregularities. In most modern wind tunnels, the air 
first enters a relatively large duct or ‘‘pressure box 
and reaches the test section through a rapidly converg 
ing nozzle or a contraction. Additional reduction in 
flow nonuniformities can be obtained by placing fine 
screens in the pressure box which attenuate the pre 
contraction irregularities with little loss since the speed 
in the pressure box is quite low. With great physical 
insight, Prandtl considers vorticity to be the primar 


T 


variable in a turbulent fluid. In an extensive volume 
of incompressible fluid, the velocity changes can onh 
be produced by vorticity —1.e., neglecting the effect 
of walls the turbulent velocity fluctuations are entirel 
due to random distribution of vcrticity. The math 
matical proof follows from the fact that, for an incom 
pressible fluid without vorticity, if the velocity is zero 
at the surface enclosing the fluid, then it is zero every 
where inside the enclosure. Consequently, the effect 
of contraction on free-stream turbulence can be deter 
mined by considering its effect on vorticity. For sim 
plicity we assume axisymmetric contraction; the re 
sults may be easily extended to other cases. 

Fig. 1 gives a physical picture of Prandti’s semiquan 
He assumed that the velocity fluctua 
tions in the x direction, the direction of mean flow, are 


titative theory. 





Pictorial representation of Prandtl’s semiquantitative 
theory 
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mainly due to vortex filaments lying perpendicular to continuous distribution of vorticity. Taylor* took this 


the x direction. Similarly, the velocity fluctuations 
in the y direction are mainly due to the vortices lying 
perpendicular to the y axis. As the flow goes through 
the contraction, the vortex filaments in the x direction 
are elongated by a factor c, and those in the y and z 
directions are contracted by a factor Yc, where « 

lL’, is the ratio of the test section mean velocity to 
that in the Neglecting viscosity, the 
total strength of a vortex filament or the circulation 


pressure box. 


ound it remains constant —i.e., the product of the 
angular velocity and the cross-sectional area of the vor 
tex filament remains constant. The angular velocity 
of the vortex filament lying along the tunnel axis in 
creases by a factor c while its radius decreases by a fac 
tor Vc, 
factor ~/ c—.e., 


uid hence the peripheral velocity increases by a 


v2/7 Wo / ty Vv ¢ 

On the other hand, the cross-sectional area of a vortex 
filament lying perpendicular to the x axis increases by a 
factor 1c, and hence its angular velocity decreases by a 
factor yc. The distance of the periphery of the vortex 
tube from its center decreases by a factor of Yc, and 
therefore the peripheral velocity decreases by a factor 
of C—-Le. 


U>/ Uy l/c 


Prandtl also shows that decrease in the longitudinal 
turbulent velocity can be obtained by consideration of 
the Bernoulli equation. Although the flow is turbu 
lent, and therefore rotational, we can apply the Ber 
noullii equation separately for each streamline—i.e., 
p2) + U;?. 


the energy gain is the same for all streamlines; there 


2/p)(pr 


The pressure drop or 
lore, the change in the longitudinal velocity from stream 
line to streamline is U.6U, U;6U, or 6U2/6U, 
U/l l/c. The consideration of Bernoulli's equa 
ion can give only the effect of contraction on w fluctua 
tons. We prefer Prandtl's original idea of taking vor 
city as the primary variable since it gives the effect 
0! contraction on all three components of turbulence 
ud since, as we shall see later, it can be generalized to 
the case of a supersonic contraction. 

Prandtl’s theory is based on the behavior of discrete 
vortex filaments, while in a turbulent fluid there is a 


into account and investigated the effect of contraction 


op some special distributions of vorticity (cellular 
flows . If £1, Ni» C) 2, ¢ 


vorticity before and after the contraction, the Lagran 


and &», are the components of 


gian equations of vorticity, neglecting viscosity, are 


( py / po) & £1(ON2/OX1) + m1 (OX2/AV1) + £)(ON2/ 02; 
Pi/ P2)n Ei ( OV: Ox 1 T A' Oy: OV; ¢1( oy Oz; 
(Pi / p2) fs £1(O2» Ox; T 1\ Oz OV; ¢} 022/02; 
| 
where x), V1, 2: and xX», ye, 22 are the positions of a particle 


at the entrance and the exit of the contraction and p 
and p) are the corresponding densities. Eqs. (1) are 
based on the assumption that the density is a unique 
function of pressure. For the present, we assume that 
fluid is incompressible and, later, discuss the effect of 


flows 


turbulence in compressible 


contraction on 
Taylor assumes, as Prandtl did, that, for a rapid con 
traction, the relative motion of two neighboring parti 
cles due to contraction is large compared with that duc 


to turbulence—1.e., (for an axisymmetric contraction 


Ox2/ OX ( OVv2/OV; 02/02 lve 2 


and Ox»2/ 02; etc., are zero and Eqs. (1) simply reduce 
to 


&: ck n m/V¢ ¢ OMe (3 
Taylor's results for most of the cellular flows which he 
investigated were of the same form as Prandtl’s except 
for numerical factors. Taylor's linearized equations 
and the formalism of statistical analysis can be used to 
get the effect of contraction on isotropic or homogene 
ous) turbulence. 

It is well known that, if two random functions are 
related by a /imear operator, it is always possible, sub 
ject to some mild restrictions, to predict the correlation 
or spectrum of one variable in terms of the correspond 
ing quantities of the other variable.* In the present 
case, the linear operator is a set of constants given by 
Eqs. (2 The postcontraction vorticity spectrum jis 
obtained by properly multiplying the known precon 
The 


postcontraction velocity spectrum can be obtained using 


traction vorticity spectrum with these constants. 


the fact that the velocity and vorticity spectra of a 


homogeneous turbulence are simply related. Calcu 
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lations made by Ribner and Tucker‘ and independently 


by Batchelor’ show that 


= (3c—?/4) (log 4c? — 1) forc >> 1 
(4) 
to" 3c F —c° 
047 Se. =e 
C 6 
_tanh-! (1 — c-%)”” 
(i —¢° 7)" 
~ 3c/4 forc >> 1 
my 


The results for u fluctuations give the same dependence 
on the contraction ratio c as that obtained by Prandtl 
since (log 4c? — 1) varies slowly, and, for v fluctuations, 
even the constant of proportionality is close to the value 
given by Prandtl. 

A number of experiments on the subject have been 
reported in the literature; however, no two experiments 
give the same results. These experiments will be dis- 
cussed later. The present experiments were conducted 
to see if the neglect of viscosity and linearization of the 
equations are justified. A priori we expect deviations 
from the linearized theory, and the problem is to get an 
estimate and an understanding of these deviations. 


EXPERIMENTAL ARRANGEMENT 


The experiments were conducted in 2- by 2-ft. low- 
turbulence wind tunnel. Approximately isotropic tur- 
bulence was produced by placing grids of various mesh 
sizes in the test section. Axisymmetric nozzles of 
various contraction ratios (4:1, 9:1, and 16:1) were 
placed some distance downstream of the grid, and these 
were followed by uniform sections. Fig. 2 shows one 
arrangement which was used for 4:1 contraction. A 
separate fan was installed for use with 9:1 and 16:1 as 
well as 4:1 contraction. Fig. 3 shows the second ar- 
rangement, the reason for which will be explained later. 
The dimensions of the three contractions are shown in 
Fig. 4. All three contractions are quite rapid, and care- 
ful examinations showed no separation in any contrac- 
tion. The measurements were made on the tunnel 
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axis with a probe attached to a long wooden rod. The 
rod was counterweighted and was attached at one eng 
to a movable carriage. Standard hot-wire technique 
and equipment were used to measure the turbulencg 


levels and the spectra. 
TURBULENCE INTENSITY CHANGES IN A CONTRACTION 
Effect of Contraction Ratio 


Turbulence generated by a biplanar 2-in. square 
mesh grid made of 1/2-in. round rods was _ passed 
through the three contractions of ratios 4:1, 9:1, and 
16:1. The mean speed at the entrance of all three con 
tractions for this set of experiments was 3.6 ft./sec. 
and, therefore, the grid Reynolds Number Ry was 
3,710. 
the axes of the contractions and are shown in Figs 


The measurements of 4? and v2? were made on 


5-7. Here, and in all other figures, the mean velocities 
are those actually measured on the axes, although no 
experimental points are shown. In accordance with 
Prandtl’s prediction, 1? decreases and y? increases as 
the flow accelerates through 4:1, and 9:1, but, for 
16:1 contraction, 4? first decreases and then increases 
to a final value which is higher than the initial value 
We note that the turbulence behind the grid is aniso 
tropic, but, soon after reaching the contraction, x? and 
v® equalize.* We shall take this point as the beginning 
of the contraction so that we can assume that turbu- 
lence is isotropic as it enters the contraction. This is 
not necessary, but it makes it easy to compare the ex- 
perimental results with the computations of linear 
theory which are available for the effect of contraction 
on isotropic turbulence. The differences between the 
values of u? and v*, even if real, are small compared 
with the changes produced by the contraction so that 
new calculations, based on linear theory, for the effect 
of contraction on anisotropic turbulence do not seem 
justified. 

In Figs. 8 and 9 we have plotted the data for the three 
contractions as a function of l’/U,, where U is the local 
mean velocity and LU) is the precontraction mean veloc 
ity. The results of the linear theory [Eq. (4) ] are also 
shown in these figures. We see that 12/1,’ is greater and 

* Most investigators,® 7 except the ones: * at the Cavendish 
Laboratory, have reported that y? > vy? for turbulence generated 


by grids. 
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that v?/z,2 is smaller than predicted by the linear theory. 
In the theory it is contended that, for a sufficiently rapid 
contraction, the following assumptions can be made: 
(1) neglect of viscosity, (2) the relative motion of two 
neighboring particles due to turbulence is small com- 
pared with that produced by the contraction 1.e., the 
stretching or contraction of a vortex filament due to 
turbulence is small compared with that produced by 
the contraction. Neglect of viscosity does not explain 
the observed deviations from the theory since its effect 
would be to decrease both w?/u4,2 and v?/z,2. The 
second assumption is therefore questionable. 

There is continuous movement and mixing in a tur- 
bulent fluid, and vortex filaments which started out 
parallel to the main flow will not remain so as they go 
through the contractions and, consequently, will not 
be stretched as much as assumed in the theory. Simi 
larly, the vortex filaments which started out perpen- 
dicular to the main stream will not contract as much. 
Naturally, fairly large random movement due to tur 
bulence would nullify the preferential stretching and 
contraction of vortex filaments due to increase in the 
mean speed. This tendency toward isotropy or the 
equipartition of turbulence energy among the three 
velocity components is the important feature which 
deserves further investigation. The study of equipar- 
tition of turbulence energy inside the nozzle is compli- 
cated by rapidly changing mean velocity and turbulence 
However, the conditions in the uniform section 
In Fig. 5 we see that, in the 
uniform section, 4? and vy? slowly equalize. We shall 
return to this later, but at the moment we are mainly 
interested in the turbulence intensities just before 
It is usually assumed that, 


fields. 
are ideal for such a study. 


and after the contraction. 
for rapid convergence, the effect of contraction should 
conform to the linear theory. The rapidity of contrac- 
tion alone does not determine the deviations from the 
linearized theory, and the total contraction also enters 
into the picture. All three contractions are equally 
rapid or slow, but, for 16:1 contraction, even the direc 
tion of change given by linearized theory is reversed, 
and 4? increases at the end of the contraction instead of 
continuing to decrease. If the change of total energy is 
compared with that predicted by the linear theory, 
then the comparison would be little more favorable 
since the largest deviations are for 4°, which makes 
small contribution to the total energy. 

At the point on the axis of 16:1 contraction where the 
mean speed has risen to four times its original value, 
u” is not the same as that at the end of 4:1 contraction. 
This is because, at this point in 16:1 contraction, there 
are sharp mean velocity gradients while, at the corre- 
sponding point in the 4:1 contraction, the mean flow is 
uniform. It is not possible to predict the performance 
of all nozzles of contraction ratios between one and 16 


from that of contraction ratio 16. 


Effect of Reynolds Number 


The effect of turbulence Reynolds Number on the 
performance of 4:1 contraction was studied by changing 
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the mesh size of the turbulence generating grid as wel] 
as the mean speed. In the first experiment of this set 
the mesh Reynolds Number was 6,150 which is about 
twice that in previous experiments. The turbuleng 
was generated by a 1-in. square mesh biplanar griq 


made of 1/4-in. rods. The measurements on the con 
traction axis are shown in Fig. 10. 

In the second experiment of this set, a 2-in square 
mesh grid was used, giving a mesh Reynolds Number oj 
12,300 which is four times that of previous experi 
ments. Turbulence intensity measurements are shown 
in Fig. 11. 

Comparison of Figs. 5, 10, and 11 shows that turbu 
lence Reynolds Number has insignificant effect on th 
performance of a nozzle. The above measurements 
are also compared with other measurements in Figs. § 
and 9. The 4:1 contraction used in the two experi 
ments described above is not identical with that used 


earlier, but this is of little conse juence. 


PERFORMANCE ANALYSIS OF A LOW-TURBULENCE WIND 
TUNNEL 


It is desirable to analyze the actual performance of a 
low-turbulence wind tunnel before we compare the 
present measurements with other data available on the 
subject. This will serve to explain the inconsistencies 
among different sets of data. 

It was found that the free-stream turbulence level 
in the 2- by 2-ft. Jow-turbulence open return wind tun 
nel used for the present investigation increased with 
speed and that turbulence consisted of bursts. The 
16:1 contraction used in the tunnel] is quite rapid, and 
it was suspected that turbulent bursts are due to separa 
However, careful examina 
tion showed no separation. We finally came to the 
conclusion that, as the speed is increased, the turbulent 
fluid from the fan reaches the pressure box with little 


tion in the contraction. 


i.e., swirling masses of fluid are drawn into the 
The four fine 


decay 
tunnel before they have time to decay. 
screens used in the pressure box were unable to damp 
out the bursts, and it was finally decided to use a honey 
comb of 1|-ir. square and 9-in. deep cells. This elim 
nated the bursts and considerably reduced the turbulence 
level; v?/U 0.015 per cent, and y2/ l 0.03 per cent 
However, the fact that 4? > v? is in contradiction to out 
previous measurements of the effect of contraction on 
free-stream turbulence. Dryden and Schubauer* have 
already shown that when free-stream turbulence level 
in a wind tunnel is reduced by screens and a contraction, 
the remaining fluctuations are mainly sound waves 
coming from the fan. These sound waves are not of 
discrete frequency but form a more or less continuous 
spectrum which is no doubt dominated by the frequene\ 
of the fan blade. The pulsations, being of very largé 
wave lengths, are not reflected from the tunnel walls 
and are, therefore, plane sound waves which should 
contribute only to 4?. Furthermore, the velocity as 
sociated with these sound waves should be perfectly 


correlated across the entire section. Measurement 0! 
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lateral correlation coefficient of 7 components is shown 
in Fig. 12, and almost perfect correlation (0.9) confirms 
the above conjecture. The longitudinal correlation 
coefficient was also measured and is shown in Fig. 13. 
The total « component of the fluctuating velocity is 
made up of eddy turbulence and random sound. The 
former is of relatively small scale and its correlation 
rapidly disappears, while the latter, being of large wave 
length, shows appreciable correlation for 10-12 ft. 

It is possible to determine the intensities of sound 
and turbulence by measuring the lateral correlation of 
u. Let u, and u, denote the contribution of turbulence 
and sound, respectively, to the total velocity fluctua- 
tion. The measured lateral correlation coefficient of 1 
at two points for large separation y of the points is 


| [(O) + us(O) |[uy) + u(y) ]}+ 
(,2(0) + u52(0)] ~ [us2/(? + us2)] = 0.9 


where we have made us: of the fact that 7,(0)u,(yv) = O 
for large y and that u,(O)u(y) = u(y)u,(0) = 0 
since the sound and turbulence are statistically inde- 
pendent under the present conditions. Making use of 
the fact that 1,2/U* + u,2/U* = (0.0003), we find that 
V0,.2/U, the true eddy turbulence, is 0.009 per cent 
which is smaller than V 72/ Ul’, the latter having a value 
of 0.015 per cent. 

The intensity of sound waves in the 2- by 2-ft. tunnel 
was considerably reduced by using a twelve-bladed fan 
of improved quality.* However, when 16: 1 contraction 
is placed in the test section, it is necessary to use a 1:16 
diffuser. The turbulence increases considerably in the 
diffuser, and the flow reaching the fan is quite dis- 
turbed. This increases the sound generated by the fan. 
It was therefore decided to use a small fan, as shown in 
Fig. 3, for 9:1 and 16:1 contractions. Even then, the 
contribution of sound waves to u was subtracted out at 
every point by making the measurement without the 
grid and assuming that sound and turbulence are un- 
correlated. The sound generated is mainly determined 
by the quality of the fan and the fan loading, and the 
latter changes little with or without the grid which is 
in the low-speed section of the duct. There was ap- 
preciable correction for 16:1 contraction only. 

Another method of subtracting out noise is to use two 
wires placed so far apart that eddy turbulence is un- 
correlated. The difference of the signal from the two 
wires gives the eddy turbulence, and the sound is auto- 
matically subtracted out. 

We are now in a position to discuss other available 
data on the subject. The first reported experiments to 
check Prandtl’s theory were conducted by Fage’® in 
1934. He found that, in contradiction to Prandtl’s 
prediction, the absolute value of y? decreased and x? 


remained about the same. Some measurements were 


* Louis C. Garby designed the 2- by 2-ft. low-turbulence open 
return wind tunnel used in this investigation. He has further 
reduced the sound and turbulence by improved design and will 


report elsewhere on this tunnel. 
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made by MacPhail," who found that v? increased ang 
u* decreased initially but that, toward the end of th, 
contraction, the two components tended to equalize jy 
a rapid and oscillatory fashion. Other measurements 
have been reported by Hall'! and by Dryden and 
Schubauer.* These data are not very accurate since 
no attempt was made to eliminate the extraneous ef 
fects. Recently, Townsend’* has published a paper in 
the uniform distortion of homogeneous turbulence 
Although his results cannot be directly compared with 
present investigation, both have one common feature 


distortion of homogeneous turbulence. 
TURBULENCE STRUCTURE CHANGES IN A CONTRACTION 


Effect on Turbulence Spectra 


The post- and precontraction longitudinal spectra of 
u? and vy? were measured for all three contractions. The 
turbulence was generated by a 2-in. square mesh grid at 
an Ry of 3,170. A special low-frequency wave analyzer, 
covering a range from 2-200 cycles per sec., was de- 
signed using three operational amplifiers. This was 
necessary since we are particularly interested in the spec 
tra at low wave numbers or frequencies. The spectra 
were measured as a function of frequency and were 
later expressed as functions of wave number by using 
Taylor’s hypothesis of interchangeability of instantane- 
ous time and space variable—1.e., ¢ = x/U. Using 
this assumption, the wave number k = 2rn/l. The 
precontraction one-dimensional longitudinal spectra 


of 4? and y? are defined by the following relations: 


9 ax 
BE, (@) = : | U(O)u,(x) cos k x dx (5 
TU, Jo 
2 pe 
FP, (k) = - 71(0)7,(x) cos k x dx (6 
TVUi° Jo 


The spectra, so defined, are normalized—1.e., { E 
(k) dk = [Fi (k) dk = 1. 


spectra are similarly defined: 


The postcontraction 


») a 
Ey (ck) = 2 | U»(O)ue(x) cos ck x dx (7 
T Ue” Jo 
9 n 
F, (ck) = > v(O)e(x) cos ck x dx (d 
Tv Uo" Jo 


(f° Ex (ck) d(ck) = f° Fs (ck)-d(ck) = 1) 


For reasons given later, the postcontraction spectra 
are expressed as function of ck instead of k, where « 
(= U./U)) is the contraction ratio. 

The measured post- and precontraction spectra for 
the three contractions are shown in Figs. 14-17. Since 
the linear theory does not correctly predict the post- 
contraction turbulence intensities, it is improbable that 
it will correctly predict the postcontraction spectra 
However, it is still of interest to compare the results 
with the predictions of the linear theory. Using the 
linear theory, the postcontraction spectra can be com- 
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puted from the precontraction spectra. These lengthy 
numerical calculations are not justified, and simpler 
procedure is used. We assume that the three-dimen- 
sional spectrum of the precontraction turbulence is 
isotropic, and it can be approximated by the relation 
(k/ky)4/{1 + (R/ko)* |’, or that one-dimensional meas- 

ured spectra can be approximated by the following: 
ky (2/m Ro) [1 + (R/ko)?|~' (9 

Fy (1/m Ro) [} 1 + (Rk/Ro)?}-' + 

2 (k/Ro)*{1 + (R/Ro)?f 7] (10) 
A reasonably good agreement with experiments 
17.6 ft.~'. The 
postcontraction spectra have been computed using the 
linear theory and the above approximations for the pre- 


(Figs. 14 and 15) is obtained with &, 


contraction spectra. The details of similar calculation 
are given by Ribner and Tucker? and will not be re- 
peated here. 

According to the linearized theory, the postcontrac 
tion spectra of vy? for all three contractions should fall 
on a single curve when plotted as a function of ck. Fig. 
14 shows that there is fair agreement on this point. 
There is no agreement between the predicted and the 
measured spectrum of 4? (Figs. 15-17). The disagree 
ment gets worse with increased contraction ratio. 
This was to be expected from the measured turbulence 
intensities. Of course, there would be still greater dis- 
crepancy if the comparison were based on absolute in- 
stead of normalized spectra. For all these measure- 
ments, the spectrum of sound was subtracted from the 
combined spectrum of sound and turbulence on the 
basis that the two are uncorrelated. 


Local Isotropy in a Contraction 


The ratio (Ov/Oxv)*/(Ou/Ox)* was determined on con- 
traction axes by electrical differentiation and assuming 
interchangeability of space and time derivatives. The 
measurements for the three contractions are shown in 
Figs. 1S—20. 
tropic turbulence, and the fact that, for precontraction 


rhe ratio should be two for locally iso- 


turbulence, it is not exactly two is either due to some 
error in measurement or slight deviation of grid-gener- 
ated turbulence from local isotropy. Inside the con- 
traction, the turbulence is far from being locally iso- 
tropic. For 4:1 contraction, the measurements made 
in the uniform section after the contraction show that 
the turbulence is becoming locally isotropic faster than 
equipartition of turbulent energy among the three com- 
ponents is being realized. From his work on uniform 
distortion of homogeneous turbulence, Townsend!? also 
found that return to local isotropy is faster than equi- 
partition of energy. However, his interpretation that 
even highly anisotropic turbulence dissipates its energy 
through nearly isotropic eddies should be taken with 


caution. 


EQUIPARTITION OF TURBULENT ENERGY 


The effect of the contraction or mean rate of strain is 
to produce anisotropic turbulence, and the random rate 
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of strain of turbulence tends to produce isotropy or 
to equalize the turbulence energy in three components 
The transfer of energy takes place throughout the noz 
zle, although it is striking for 16:1 contraction Phere 
is little energy in 4? compared with that in v? and y 
and even a small transfer to 4? will change the actual] 
value from 4? from that predicted by the linear theory 
Things are complicated in the contraction, and equi 
partition of turbulence energy is best studied in uniform 
section after the contraction. Measurements in the 
uniform section after the 4:1 contraction show that the 
turbulence is fairly homogeneous and that the energy 
in 4? and v2 (w? = v?) slowly equalizes. Since the mean 
flow is uniform, it does not interact with the turbulence. 
and changes in 4? and v? are due to mutual transfer and 
viscosity. 

The expressions for transfer can easily be obtained 
from the equation of motion. The energy equation for 
fluctuating velocity is 


(1/2)[(Ou?/Ot) + u(Ou?/Ox) + v(Ou?/dOy) 4 
w(Ou?/Oz) | —(u/p)(Op/Ox) + vudu (11 


After making some transformation and using continuity 
equation for incompressible flow, we have 


(1/2)[(Ou?/Ot) + (Ou*/Ox) + (Ovu?/dOy) 4 


(Own?/Oz) | — (1/p)(Opu/Or 
(p/p)(Ou/Ox) + v Au? — v[(Ou/Or 
(Ou/Oy)> + (Ou/Oz 12 


For a statistically homogeneous field, the average of the 


above equation is 


| Ou? 1 Ou ou \" ou\? Ou\?) 

p —vp + + | 13 
2 Ot p Ox Ov Oy Oz/ | 
Now, if 0/Os is the gradient in the direction making 
equal angles with all three axes, then 


3(ot) (~ Ou =) 
3 4. ” 
ds Ov Oy | Oz 
ig “ ‘ ] 
| *) (o") (o") | 
4 n n 
L \Orv Oy Oz/ 4 
some cross products which vanish because the turbu 
lence is axisymmetric about the x axis. 


Substituting this result in Eq. (13), we get 


10u2 1 Ou (S") 
p — dv 14) 
2 of o ox Os 


Lov? 1. Ov ( 3] 
— pb — $v lo 
2a pay ds 


From the continuity equation it follows that 


Similarly 


Ou 4 Ov Ow , Ov ; Ou 
) ») ») = or Z P 
f Ox f oy Oz f oy | OX 
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and the decay equations, Eqs. (14) and (15), become” 


1 Ou? l Ou ; Ou 
p — 3) 6 
2 Ol p Ox Os 
1 Ov? | Ou Or " 
Pp - ov (14 
2 eo 2p Ox Os 


There may be transfer of energy from one compo 
nent to another, but the total energy is decreasing due to 
We t), a2(¢ : 


the last quantity was determined by meas 


viscosity alone. have measured y and 


Ou / OSs 
uring the correlation of u for small distances in the di 
rection These measurements were made in the uni 


form section after the 4:1 contraction. The remaining 


quantities can be calculated from Eqs. (16) and (17 


From these data we find that 


i Ou Ou 
p Sv ~ 1.5 


p " Ox Os 


ie, vu? is gaining 50 per cent more energy from v? or 


than is needed for its decay. Also, 
l Ou O07 
p Ov a 
2p On Os 


5 as much energy by transfer as 
that, 
when isotropic turbulence is passed through a wire 


Le., v2 or w? is losing | 


it is due to viscosity. Townsend’ has found 


rauze, the resulting turbulence is anisotropic and 4? and 


equalize slowly. Further research along these lines 
is in progress, and, without attaching great significance 
to the above numbers, it is safe to say that, in homoge 
neous turbulence, the equipartition of energy is taking 


place rather slowly. 


SUPERSONIC NOZZLES 


When considering the effect of a supersonic nozzle on 
flow irregularities, it is necessary to distinguish between 
two types of fluctuations that are possible in a compres 
sible fluid. 
ciated with vorticity, and the other is random sound. 


One is “eddy” turbulence which is asso 
In a supersonic nozzle, there will be fluctuations which 
ire generated in the test section or are due to pulsations 
For example, the turbulent boundary layer can cause a 
fluctuating Mach wave pattern in the test section. If 
we consider eddy turbulence alone, as was done in the 
incompressible case, we can readily generalize the 
Prandtl theory to the supersonic case without perform 
ing any lengthy calculations. It is only necessary to 
issue that pressure is a unique function of density, 
a condition which is satisfied to a high approximation 
in nozzles. 

As in the incompressible case, let us assume that the 
v fluctuations are mainly due to vortex filaments lying 
perpendicular to the x axis and that the v fluctuations 


Phe decay equations were first derived by Batchelor!’ using 


Xisyinmetric tensors For the present purpose we are not in 


terested in these tensors, and therefore a simpler derivation is 


used here 


[ 


N 
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CON 
are due to those lying perpendicular to the y axis 
Since we have assumed that pressure is a unique func 
tion of density, then, neglecting viscosity, the circula 
tion or the product of angular velocity and cross-sec 


tional area of a vortex tube remains constant Let us 


assume axisymmetric contraction; the results can be 
easily extended to contractions of other shapes. In 
going through the nozzle, a fluid element will be 
stretched along the x axis by a factor « l’./U) and 


will be changed in the y direction by a factor V p;/ py 


The angular velocity of a vortex filament lying along 


the nozzle axis changes by a factor c(ps/p;), and its 


radius changes by a factor V p;/cp., and hence the 


peripheral velocity changes by a factor V cp2/p; 1. 


Vo /Vy W's / UW V cp 


p IS 
The decrease in density reduces ¢ Phe angular veloc 
ity of a vortex filament lying along the y axis changes by 
a factor V p>/cp;, and the distances of the periphery 


from the center of the vortex tube changes by a factor 


V pi/cp». Hence, the peripheral velocity changes by a 


factor | /c--i.e., 
Mo) My L/e 19 


For large density changes, both mw. and v are reduced 


to an insignificant value relative to the test section 


speed. Asan example, let us assume that fora Mach 8 


hypersonic air tunnel, the Mach Number in the pres 


sure box is 0.05 and u,/l, /l a, l D per 


cent. Using Eqs. (18) and (19) and isentropic relations 


between density and Mach Number ratios we have 


uo/ U 0.003 per cent d/l 0.03 per cent 


The value for v/l) is the upper limit since decay and 


transfer have been neglected Using linear theory, 


Ribner and Tucker have calculated the effect of super 
sonic nozzle on free-stream (eddy) turbulence, and 
their results are compared with the above approximate 
21 for an air tunnel with pressure 


0.05. 


calculations in Fig. 
box Mach Number of 
pressible flow has shown that difference between the 


Experience with incom 


approximate and exact calculations is significant com 
pared with that due to linearization of the equations 

Corrsin'® has extended Prandtl’s results for the com 
pressible case including temperature fluctuations but 
using isentropic relations. His analysis gives the ef 
fect of contraction on one component, 4, only, and for 
no temperature fluctuations his results are consistent 
with present analysis. 


REMARKS ON TURBULENT FLOWS 


The original investigation was undertaken to study 
the 
equipartition of turbulent energy and local isotropy 


properties of homogeneous turbulence, such as 
Research on these topics is in progress and will be re 
ported elsewhere. The following remarks are in order 
here. 


The recent work on the theory of turbulence at high 
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Reynolds Number is based on the assumption that the 
entire turbulent motion is made up of a hierarchy of 
eddies or scales of motion. The large eddies receive 
their energy from the mean motion of the shear flow 
whose overall dimensions determine their scale or, in 
the case of grid-generated turbulence, their scale is 
determined by the mesh size. 
their energy to small eddies which in turn pass it on to 
The smallest eddies dissipate most 


The large eddies loose 


still smaller eddies. 
of the energy by direct action of viscosity. Any direc- 
tional effect of the shear flow gets progressively less as 
we go from large to small eddies; the latter are isotropic. 

From the foregoing, it follows that the turbulence 
should be locally isotropic in the contraction while the 
measurement (Figs. 18-20) show anisotropy. It is 
quite possible that the Reynolds Number of the present 
experiments is too low for local isotropy to apply. How- 
ever, at Reynolds Numbers of the same order of mag- 
nitude, local isotropy in shear flows has been confirmed 
by various investigators. The mean square derivatives 
of turbulent velocity were measured, and it was shown 
that they satisfy the isotropic relation. In the contrac- 
tion, the measurements refer to the principal axis of the 
rate of deformation of the fluid since x, y, and z are the 
principal axes for this case. Naturally, directional 
influence of shear flow on the turbulence is most pro- 
nounced in the direction of the principal axes. In shear 
flow, the measurement of mean square turbulent veloc- 
ity gradients along the principal axis of the rate of de- 
formation might reveal anisotropy. 

The cascade process implies that, if the agency caus- 
ing the anisotropy disappears, then the turbulence 
should fast become isotropic. At the end of the contrac- 
tion, the velocity gradient causing the anisotropy dis- 
appears, and references to Figs. 5, 10, and 11 show that 
turbulence is not rapidly becoming isotropic. 
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The Human Pilot and the High-Speed Airplane 


JAMES L 


The Glenn 1. 


INTRODUCTION 


AS \IRCRAFT ATTAIN higher and higher speeds, the 
ability of the human pilot to maintain control 
becomes marginal in some cases. Recognizing that 
pilot-induced oscillations of large magnitude have been 
experienced in high-speed low-altitude flight, it is neces 
sary to predict accurately whether the pilot will be able 
to achieve stable flight with a particular aircraft. 
Consequently, analytical expressions, which interpret 
the dynamic characteristics of a human pilot, are needed 
for stability analysis. Investigations of pilot response 
which provide data on such physiological factors as 
reaction time and muscular lag have been supported 
by both the United States Air Force and Navy Bureau 
of Aeronautics. Under specific test conditions experi 
establishing human 
Some of these investigations have 


mental data transfer functions 
have been obtained. 
taken place at the Franklin Institute, Goodyear Air- 
craft, and Langley Field,‘ and their findings are included 
in reference 2. 

The purpose of the present study is to investigate 
human dynamics as it affects the airplane in pitch, and 
to present a means of predicting the pilot transfer func- 
tion during pitching flight. In detailing the longitu- 
dinal stability of a human pilot—aircraft combination, 
the type of control the pilot attempts to apply has been 
rationalized, and the physiological factors of reaction 


time and muscular lag have been included. 


DEVELOPMENT OF PILoT TRANSFER FUNCTION 


A pilot, while flying, senses certain physical displace- 
ments or accelerations, and after his particular period of 
response time has passed, produces the action he cal 
culates will return the airplane to the desired flight 
condition or attitude. The basic problems involved in 
expressing this cycle in mathematical form suitable for 
aircraft-pilot stability analyses are: (1) determining 
what the pilot employs as sensory cues for the required 
control action, (2) determining the reaction time of the 
pilot, and (3) determining the pilot's muscular lag time 
constant. 

Items (2) and (3) above have been studied by several 
investigators; this analysis will use the typical reaction 
time of 0.25 sec. and muscular lag time constant of 0.125 
sec. established in BuAer Report AE 61-6.! 

To understand what these factors mean, consider the 
idealized case of a step input which the pilot attempts 
As shown in Fig. 1, there will be a finite 
time delay between the instant the step function is 


to follow. 
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generated and the instant the pilot initiates his move 
ment. This is the pilot reaction time, r. 

After the signal to move has reached the muscles, 
an immediate instantaneous displacement is not pos 
sible. This muscular lag time, 7», is defined as the 
time taken to achieve (e — 1) e, or 63.3 per cent of the 
final value of displacement, measured from the incep 
tion of the motion—that is, from the end of the reaction 
time. Therefore, it is apparent that the time of reac 
tion and the muscular lag introduce a phase lag in the 
pilot response. 

To use these concepts in a stability analysis, it is nec 
essary to express them in mathematical form. The re 


action time transfer function is expressed as 
Pr 6,=e ; (] 


(where P» is the pilot response, 4; is the input function 
to which the pilot is sensitive, 7 is the pilot reaction 
time, and s is the Laplace transform variable taken as 
jw, Where w is the frequency in radians per sec. 


The muscular lag transfer function is 


Pp/0, = Ko 


(0.125s + 1 (2 


where A is the gain constant. 
Including both the reaction time and the muscular 
lag, we have 


(0.125s + 1 (23) 


Pr/0; = Koe” 


The above transfer function, in which the reaction 
time, 7, is 0.25 sec., is plotted in Fig. 2. The remaining 
factor in the determination of the overall pilot transfer 
function is the selection of the cues to which the pilot 
is sensitive and to which he responds by moving the 
controls. During pitching flight, as shown in Fig. 3, 
the pilot could, for example, react to: 


(1) pitch attitude, 6 

2) flight path attitude, 

(3) pitch rate, 6 

4) load factor increment, Av = I’y g 

4) pitch acceleration, 6 

= ly g 


(6) rate of change of load factor, 7 


1.0 Step Input 





_—————— Pilot Output 


| | 7 


— + Lae 





Effect of reaction time and muscular lag on the response 
to a step input 
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Fic. 2. Pilot reaction time and muscular lag 


Since the load factor and the angle of attack are inter- 
related, a and @ are included in items (4) and (6). 

Including all of the six items listed above as sensory 
cues to which the pilot responds is not considered prac- 
tical. Rather, in selecting a more workable set of cues, 
it is necessary to choose the basic variable, 6 or y, to 
which the pilot is sensitive. In this respect, we are 
guided by the fact that the pilot associates a certain 
stick force per g with a particular airplane flying at a 
given weight, speed, altitude, and center of gravity lo 
cation. On this basis, the flight path attitude, y, was 
selected as the primary variable, since An = I’y-g. 

The next step is the determination of the specific 
function of the flight path attitude which describes the 
control motion the pilot would like to produce, neglect- 
ing his reaction time and muscular lag. 

It is evident the pilot uses an angular position refer 
ence in flying an aircraft, inasmuch as he is successful 
in stabilizing a machine that has some static instability. 
As previously mentioned, a load factor reference enters 
naturally through the stick force per g. Although this 
may be expressed as a control proportional to y, and, 
therefore, could be considered a damping term, it is 
not primarily one. This situation results from the fact 
that load factor is proportional to the angle of attack, 
and the effect of a contro] motion applied as a function 
of load factor 1s similar to the effect of a change in Cy, 
of the aircraft. It is not until we introduce a control 
motion proportional to the rate of change of load factor, 
nor \’y g, that we have added a predominantly damp- 
ing term. It is clear that the pilot is sensitive to 7” in 
a physiological sense, and consequently is readily ca- 
pable of providing the control motion proportional to ¥. 
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The general ideal control law which the pilot may by 


expected to follow can then be expressed as 
Pr ky + kiy + key 


The pilot reaction Pp may be evidenced either as 
control force or as a control motion. Since the contro] 
motions for high-speed airplanes in particular are very 
small, it appears that the primary pilot response js 
evidenced as a control force application. Therefore, 


we may write 
PF, = ky + kiy + hoy 


The pilot gain constants must be determined to per 
mit a stability analysis to be made. 

In order to do this, the air-frame equations for the 
short period pitching motion will be considered in con 
junction with an idealized control system. A syntheti 
feel system providing a control feel force proportional 
to elevator deflection, employed in conjunction with a 
power operated elevator control, has been assumed 
For the purposes of evaluating the pilot gain con 
stants, the control system will be assumed to be fric 
tionless and inertialess. These latter two simplifying 
assumptions involve little error at the frequencies of 
interest—-namely, those less than approximately one 
cycle per sec. In passing, it may be mentioned that an 
extension of the analysis for the case of a manual control 
system may be made by including the effect of the eleva 
tor hinge moment coefficient due to angle of attack. 

Consider the air-frame equations for the short period 


pitch motion. 


; . » 
Craha = ( (6 — a) 


CirgAa + Cured T C0 + Cy36 = a 
qse 
We have the additional relationship 
Fo = k36 


A 


ae ae > 
from which can be obtained 
6= A(@— a) + K,(6 — a) + K»(6 — a) 
K = k/ks; Ky = ki ks; Kz = ko/ks\ 
Eqs. (5) and (6) may be combined to yield the charac- 
teristic equation for the system consisting of the ideal 
pilot and the air frame. 
8C1.(V/g)1,/gSé) + s*}Cral—K2Cus + 
Gh gSé) | Ci(V g)(Cu, + Cy.) | 
s|—C1.(AiCus + Cu, Ci(V/g)Cural 
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THE HUMAN PILOT AND 
Phe constants A, Ay, and A, are yet to be established. 
Since the pilot may be expected to attempt to damp 

inv airplane oscillation which exists, it seems reasonable 

to assume he will aim for a critically damped motion. 

[his assumption provides one boundary condition for 

the determination of the A values. 


For simplicity, Eq. (7) may be written 


B/A)s? + (C/A)s + (D/A 0) 


This mav be factored into 


6 L. as + BD + ( 0) 
where aot t BA | 
bh a C ] S 
he D AN 


From the requirement of critical damping, the damp 


ing ratio ¢ 1.0, and we have 


a 1h (9 


S) and (9) mav be combined to give the follow 


_ 
YS 
ing expression for a: 


a 2/3)(B/A) + 2V (B?/9A? (C/3A (10 


If we apply a second condition that a must be single 


valued, then 


ad (2 3)(B A 
b = B?/9A:? 
( B/3A 
D = B/27A 
[ B * pee 
\lso, | oA 34 | 0, whence B = V3CA (10a) 
and 
C Cra (Ai Cus + Cug — C, (J g) Cue 
A = C, (V/g) (Iy/g Sc) 


The consequence of the second assumption is the es 
tablishment of a particular time for the ideal pilot 
control system—air-frame motion to damp to half am 
plitude. Computational simplicity is the primary rea 
The half 


amplitude of the resulting motion under this condition 


son for making a single valued. time to 


18 
T; » ? O09 (B A sec. (1 l } 
In terms of the aircraft parameters and pilot gain, 
] 
2.09 
: = (ie 
K2C,..Cus tr £ : ; gsé 
2 + (¢ i ( 
( lo ‘A qS¢) C 1’ VW Vy I, 
For an example aircraft, flying at .1/ = 0.8 at sea 
level, Eq. (lla) yields a value of 7), = 0.137 sec. 


rhe requirements of reference 3 state that the short 
period pitching motion shall damp to 1 10 amplitude 
to requiring 7)): 
For 


in one cycle. This is equivalent 


to be 0.301 P, where P is the period of the motion. 
the same example aircraft, the reference 3 
It should also be noted that the speci- 


requirement 


To is 0.360 sec. 
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H 
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SYSTEM 
Fic. 4 Block diagram of pilot to air-fram«e 


fication requirement corresponds to a damping ratio ol 
32 per cent of critical damping 

Since the pilot would be expected to attempt to 1m 
prove the aircraft damping significantly, it seems that 
reasonable results are obtained from the computations 
which are based upon the second assumption 

A third boundary condition to be applied utilizes 
the assumption that the value of A; may be found from 
the known value of elevator per g. 

It is assumed that, in correcting for a load factor dis 
turbance, the pilot will deflect the elevator in a manner 
equal and opposite to the deflection required to generate 
an equal load factor in an intentional pull-up. For ex 
ample, if an up elevator deflection of 1° will produce a 
load factor increment of | 2 g, the pilot would react to 
produce a down elevator deflection of 1” in response to a 
disturbance which causes a 1 2 g increment in load fac 
tor. 


We know An ly g, therefore, 


06 : 1” 06 C,V OCy OC 
kK, = : T 


7 Y On Y ( VW |" Oa 06 


(12 


This establishes a value for C. Since A is known, B 


and D may be calculated from Eq. (10). The gain eon 
stants AK and A», may now be determined. 
: —D 
K = : : (15 
( Tak V6 


1" 
B+C (Cue + Cao - Ci. (i, 


—CricCm 
The ideal pilot transfer function is now 


6 : g - 
(K + Ais + Kos 


/ 


When the pilot reaction time and muscular lag are 


considered, we have 


6 e 
K + Ays + Aas (16 
7 0.125s + 1 


Eq. (16) expresses the total pilot transfer function 


APPLICATION TO TYPICAL AIRPLANES 


Having established an expression representative of 
the pilot transfer function in pitch, application of this 
equation to a typical airplane will be considered. 

Fig. 4 represents the complete loop from pilot to air 
frame. The pilot’s sensitivity to a function of the 
flight path attitude, y, 


on the control column. 


results in his producing a force 
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LARGE AIRPLANE 
Static Margin = 30 per cent 
4 Static Margin = 10 per cent 
_Y in radians per radian 


-} 
Fic. 56. Air-frame transfer function 

An‘ irreversible power operated longitudinal control 
has been assumed. The synthetic feel device in the 
control system provides a stick force proportional to the 
dynamic pressure and the control deflection change 


from the trim position. Control system friction and 


/ 
—t i ca, A Pe ; 
we qSé 4 lina | g rah 


For a center of gravity location which gives a 10 
per cent stability margin, the aerodynamic transfer 
function for the example aircraft is 

¥ 114.5 
ee ap (20) 
—¢ s* + 6./79s° + 19.15 
When a 50 per cent stability margin is present, the 
transfer function is 
Y 114.5 
= i dy" aa (21) 
—6 s? + 6.798" + 39.25 ; 

Fig. 5 presents the airplane Nyquist diagrams. 

Establishing the stick force gain of the pilot is the 
next step. The work of the previous section has es- 
tablished the pilot control transfer function, 6 y. With 
the specified feel system at the constant speed assumed 
for the aerodynamic equations, the stick force varies 
directly as the control deflection. We know 


(22) 


F,/y = (F,/6)ss (6/7) 


SCIEN 


~ES AUG 


TABLE 
Aerodynamic and Inertia Parameters of Example Aircraft 
Item Airplane | Airplar 

V 528 knots 528 knots 

qd 945 Ibs. /sq.ft 945 Ibs./sq_ft 
altitude sea level sea level 

Cy 0.0556 0.0556 

Cio $59 $.59 

OCy/OC1 —0.3 —0.3 

Cy —() O41 —() O14 

Cu, —0.137 —() 046 

Cm; —1.75 —1.75 

G.W 100,000 Ibs 11.100 Ibs 

5 1,900 sq.ft 211 sq.ft 

) a 1.65 X& 10° slug ft 6.12 10 ig f 
I, 70 ft 23.3 ft 

I, /aSé 0. 0456 QO 0456 

inertia have been considered. The control system 


transfer function used in the analysis is 


ny 1.0 


Fi st+4s 4 


2,770 


A simple time lag has been employed as a mathe- 
matical representation of the power boost transfer func- 
tion. A time constant of 0.033 sec. has been assumed 


for the hydraulic boost servo. 


° -. 


6 — 0.553 

6. 0.0335 + 1 
The air-frame transfer function is developed from 
A sCad 
level flight condition at a speed of 52S knots has been 
assumed. The flight Mach Number is 0.8. The air- 
craft parameters are tabulated in Table 1 for a center of 


Eq. (5) for the case of two degrees of freedom. 


gravity location for which 0Cy, 6C 0.3 


For the airplane under consideration, using Eqs. (17 
and (18), 


(F, db). = —9,000 at w= 0 


Therefore, the ideal pilot transfer function is 


F,/y = 167 (s? + 5.00s + 11.9)(stability margin 10 


/ 


per cent) 


Fy = 368 (s? + 4.64s + 15.9)(stability margin = 50 
per cent) 
The above transfer functions are plotted in Fig. 6. It 


should be noted that the pilot gain is approximately 
twice as high at the forward center of gravity position 
than at the aft position. This indicates the large el- 
fect of the aircraft characteristics upon the pilot re 
sponse. 

It is now possible to combine the transfer functions 
for the pilot, control system, boost, and air frame to de- 
termine the stability of the overall system. 
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The Nyquist plots of the open loop transfer function 





al ire presented in Fig. ¢. It can be seen that the pilot 
is able to stabilize the airplane successfully at aft c.g. 
< (per cent static margin). The period of the airplane 
motion in this case is 2.3 sec., and the air-frame damp- 

g ratio is ¢ = 0.775 for the short period motion. 
However, neutral stability is indicated at the forward 
cg. location (static margin of 30 per cent) and the indi 
cations are that the pilot would have difficulty flying 
the airplane. It should be pointed out that the calcula 
ns are critically dependent upon the pilot reaction 


time, and, with a reaction time of less than 0.25 sec., 


ng ft.? a stable situation would exist. Conversely, a longer 
reaction time would result in an instability of the piloted 
air frame if the pilot continued his efforts to control the 
uircraft. The air-frame period in this case is 1.2 sec., 
svSstem 


with a short period C= 04. 





[he higher short-period air-frame oscillatory fre- 
uency is responsible for the increased difficulty ex- 
” perienced by the pilot in stabilizing the aircraft at for- 





| ward c.g. location. The increase in phase lag due to 
hathe- 


: pilot reaction time and muscular lag is 50° greater at 
- func- 





the forward c.g. resonant frequency than at the aft 


~ 4 


sumed ne : 
cg. resonant frequency. This points out the basic ~~ a. 








reason for the reduced capability of a pilot to stabilize 
in aircraft with a high resonant frequency. -90 
IS The basic airplane which has been studied is a large 
| fone with a 70-it. tail length. The long tail length pro- LARGE AIRPLANE 
yee f duces a high degree of aircraft damping. A small air- ® Static Marginz 30 per cent 
SCd- } . - 
a Static Margin=I0 per cent 


been 
: SMALL AIRPLANE 
x Static Margin +30 per cent 








C alr- 





ter of 
Fic. 7. Pilot-aircraft open loop transfer function 


plane with the same natural frequency would have ap 
preciably less air-frame damping, and therefore may be 
expected to be considerably more difficult for the pilot 
to stabilize. 

Calculations have been made for the stability of a 
second aircraft with the same aerodynamic parameters 
and flying at the same speed and altitude as the large 
aircraft. The second aircraft, however, was assumed 
to be one-third the scale of the first aircraft with re 
spect to external dimensions. The aerodynamic and 
0 inertia parameters of both aircraft are tabulated in 
Table 1. The only differences in the parameters in- 
- 30 fluencing the computations appear in Cy, and Cy, 
which become one-third of the values for the first 
airplane. The undamped resonant frequency re 
mains the same as for the larger aircraft, but with 











tely | 7 
. equal values of 30 per cent static margin, the period 


“es LARGE AIRPLANE of the aircraft motion drops to 1.06 sec. from 1.2 


el- : ‘ PF . ‘i re 
and the damping ratio deteriorates from 0.54 to 0.55. 


© Static Margin= 30 per cent 


sec., 





re- ae ae ‘ 
- . As may be seen from Fig. 7, the pilot is incapable of 

a Static Margin= 10 cent oe le aed 

3 iodine stabilizing this motion. The large influence of aircraft 
5b a in pounds per radjan scale on the ability of a pilot to control an aircraft 
ae , 000 short period pitching motion at high aircraft frequencies 


Fic. 6. Pilot transfer function is evident from these results. 
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LIMITATIONS OF ANALYSIS 


These results have been obtained from an analysis 
which have rationalized the response of a human pilot 
in flying an aircraft. The foundations upon which an 
analysis of this type may be built are obviously none 
too firm at the present time. In particular, the ration 
alization of the desired state of flight, in terms of damp 
ing, frequency, ete., of the controlled motion is some 
what nebulous. Another formidable obstacle, from 
an analytical point of view, which the human presents 
is his adaptability to change his gain, dead zone, phase 
lag, and other dynamic characteristics. It is clear 
that the results of stability analyses based upon the 
precepts presented in this paper cannot be taken in a 
completely literal sense. However, the author does 
believe that the present methods will serve to identify 
problem areas. If the results indicate an instability 
with the human in the loop, the pilot will at least have 
to make abundant use of his gain changing facilities in 
flying the aircraft. In short, although the aircraft may 
be flyable in the particular condition with a human pilot, 
it will probably not be a desirable airplane for him to 
fly. 

Even at this early stage in work of this type, it seems 
evident that any transfer function which successfully 
approximates the human response must (1) account for 
reaction time and muscular lag, and (2) account for the 
influence of the aircraft and control system characteris 
tics upon the pilot response. 

The importance of accounting for the pilot's ability 
to change gain is undoubtedly significant. However, 
in some cases, instabilities may develop in such a rapid 
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fashion that the pilot may be unable to put into effec 


his transfer function changes before difficulties occur 


CONCLUDING REMARKS 


The method outlined in this study is offered as 
“first step’’ approach to the pilot simulation problem j; 
pitch. 
qualitatively and quantitatively. 
deleterious effects of shortening the aircraft period ar 
reducing aircraft size are strikingly apparent. Air 
craft periods of a 1-sec. order for small aircraft appear t 
be well nigh uncontrollable by the human pilot 

It is reemphasized that the quantitative results ar 
highly dependent upon the assumed pilot reaction tim 

It is believed essential to consider in some fashioy 


the fact that the human can vary his dynamic chara 


teristics to complement the dynamics of the system hy 


is controlling. This factor is certainly one of the out 
standing capabilities of the pilot, and represents 
characteristic which is difficult to attain with automati 


control. 
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ver | On the Aerodynamic Instability of Thin Panels 
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oblem it University of California, Los Angeles 
tSOnabl. 
lar, th ’ 
SUMMARY instability being indicated for mass ratios (the parame 


riod an 
ter uw defined below) that lie either above the upper 








it Air The self-excited motion of an infinite, approximately plane, thin 
ppear t nel placed in a compressible flow is examined on the basis of branch or below the lower branch 
Ppe : : : ; 
ized theory Phe stability boundaries are determined in a Budiansky et al. attempted to resolve the difficulties 
ne having as coo S spe te e o of tt =— = 
ult + having as coordmates & speed parameter (the ratio of the presented by the above results by examining an infinite 
UNS are ve velocity of the panel in the absence of the air stream to the , : ‘ . ‘ 
: ; ' panel having periodic supports, a configuration claimed 
m time r speed) and a mass parameter (air density-wave length/panel os : tas 
fashioy ss per unit area); the Mach Number appears as the family to approximate design conditions more closely than a 
charac rameter of these boundaries. The formulation parallels that panel of finite length. Their results, however, are even 
stem h f Kelvin for the generation of water waves by wind, but com more in conflict with the expectations ol physical in 
he pressibility effects render necessary an implicit solution. The re tuition; not only is instability predicted for all 1/7 below 
© om | sults are confirmed by a Cauchy-Nyquist diagram. It is found = : ' : 
, . . Sten, 3 about 1.25 (and, for most panels, all J below about 
sents a that the stiffness required to prevent instability increases mono a ae ; ; 
tomatic tonically with both the aforementioned mass parameter and 1.5), but the stability boundaries exhibit as many as 
Mach number, exhibiting a very steep rise with respect to Mach four branches. 
Number for the relatively short wave lengths representative of The analvtical complexities (preventing simple, alge 
practical configurations, although tending to independence of the braic expression of the end results) and/or approxima 


Mach Number for very large wave lengths. No analytical dif : ‘ : . : ‘ a iach 
tions inherent in the studies of references 5-5 rendet 


Bus ficulties are found in the transonic range. The results are com ad, f ve ee rf ; 
pared with previous analyses of periodically supported infinite difficult any intuitive appreciation of the seemingly 
ual panels (Hedgepeth, Budiansky, and Leonard) and single span anomalous results. We find that the motion of an in 
\E-61 finite panels (Shen and Miles), and are found to be fundamentally finite panel, on the other hand, is susceptible to a 
issimilar in important respects The methods of analysis of the straightforward analysis in finite terms, with no ap 
ications ae en See eee oe ee proximations beyond linearization. The results of this 
tials ae cet ia analysis appear to conform with intuitive expectations 

Zuman (1) INTRODUCTION ey ; ; 
Lotion vide infra), but their qualitative extrapolation to sup 
f be PHENOMENON of self-excited motion of a panel ported panels leads to contradictions that can be re 

under the action of aerodynamic forces has been solved only by further investigation. 
considered by Isaacs,' Hayes,” Miles,* Shen,* Hedge The motion of a panel under aerodynamic excitation 
peth, Budiansky, and Leonard,’ and Fung.® Refer finds natural antecedents in the generation of water 
ences 1, 2, and 6, however, deal primarily with the waves by the wind and the fluttering of flags and sails, 
question of static stability of a buckled panel in super- as studied by Kelvin’* and Rayleigh,’ respectively 
sonic flow, and the results have little direct bearing on The surface wave problem presents a particularly strik 
the present analysis. ing analogy, insofar as an analysis considering either 
The dynamic stability of a two-dimensional panel of gravity or capillary waves (of all possible wave lengths 
finite length, either buckled or unbuckled, in supersonic alone yields a critical wind velocity of zero, whereas the 
flow was studied by the author’ on the assumption that inclusion of both types leads to a minimum wind ve 
we terms of the order of the square of the reduced fre locity that is proportional to the minimum surface wave 
quency could be neglected in determining the aerody velocity and below which no waves are generated (in the 
Pr namic forces. The results indicated instability for all absence of viscous forces). Similarly, we may antici 
oc. A, Mach Numbers less than 7/2 in consequence of the re pate that a panel characterized elastically by flexural 
- versal of the aerodynamic damping term. The analysis forces only will be unstable at any finite air speed for 
on of the unbuckled panel was repeated by Shen‘ without sufficiently large wave lengths, whereas the introduction 
ry ( imposing the frequency restriction on the aerodynamic of membrane tension? will lead to instability only for 
Plar lorces. He concluded that the author's approximation air speeds superior to the minimum wave velocity of the 
30 was adequate except in the Mach Number (/), re panel (this is stated as a necessary, but not sufficient 
Flo duced frequency (k) neighborhood defined by condition for instability 


V2 — 2 = Ok) (1.1) A dimensional] analysis ol the panel problem, based on 
the foregoing considerations, leads to the conclusion 
We shall discuss Shen's results further in Section 6, but that the ratio of the critical airspeed lL’, to the wave 
note here that his stability boundary for 1/J = +/2 (and, 


implicitly, for all \/ near \/2) is double valued, with + A combination of flexural stresses (which depend on curva 


ture) and stresses proportional to displacement (such as might be 


Received June 29, 1955 provided by an elastic foundation or by direct extensional effects 
Professor of Engineering \lso, Consultant, Ramo-Wool would furnish a better analogy This combination will be con 
ndge Corporation sidered in a future paper dealing with flutter of a cylindrical shell 
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2 
PANEL. Ly +m(S-UZ) n= p_—py 


2 
AIR: of vp = &$ 


Fic. 1. A thin panel moving with velocity UU along the 
negative x axis and having a small transverse deflection n(x, ¢ 


velocity c, of the panel at a particular wave length 


with respect to a coordinate system at rest in the und; 
turbed flow. 

The equations of motion, Eqs. (2.1) and (2.2), cop 
tain essentially all of the assumptions implicit through 
out the following analysis, in particular those associate 
with the linearization of the equations of elastic equ 
librium and fluid motion. We remark that the force 7 
may not be negative in the analysis of an infinite panel 
for which the Euler buckling load is zero; in the qualita 
tive extrapolation of the results to finite panels, hoy 
ever, We may permit negative values of 7’ insofar as —7 
is inferior to the minimum buckling load. 


We require a solution to the wave Eq. (2.2) subject 
to the linearized boundary condition 
(P,)y—0 = m 23 


may be expressed as a function of a dimensionless mass 
parameter and a Mach Number according to 


LU, pvr Co 
Xx ’ (1.2 
Co m ay 


where py and a are the mass density and sonic velocity, 


and, subsequent to the assumption of harmonic motion 
the Sommerfeld finiteness and radiation conditions at 
infinity.* The resulting perturbation pressure on th 
upper (vy = 0+) and lower (y O—) surfaces of the 
panel then is given by the linearized Bernoulli equatior 
respectively, of the undisturbed air, and m is the mass 
per unit area of the panel. An alternative expression, Ps = Po — PoP |y—04 24a 
which furnishes a stiffness criterion in the form of a =  F poP,|,-04 2 Sh 


minimum wave velocity c,, 1s 


C, prA U 
_=y ( ) (1.3) 
l m ay 


There is, of course, no a priori guarantee that the func- 


where /» is the pressure in the undisturbed air. Eg 
(2.4b) follows from Eq. (2.4a) in virtue of the antisym 
metry of ® with respect to y 0, which, in turn, isa 
direct consequence of Eq. (2.5). 


e e 6 e "a y ore > pe »l as "1 yr alk y > 079- 
tions x and y will exhibit monotonic dependences on We now regard the panel as moving along the nega 


' 2 * s ive - Axi 1 re “tv ’ (see ‘io \ + ‘ 

both of their arguments, but we anticipate such a result ee 7 AX1S with velocity U (see Fig. 1),f so that the 
‘ > ‘ ‘ > give 7 
on physical grounds. inertial load is given by 


A dimensionless analysis of the stability problem for pi = —m(0?/d8*) [n(x, t) Jerse (2.5a 
a finite panel leads again to results like Eqs. (1.2) and ; : 
(1.3) if the wave length is replaced by the panel length. = —m[(0/0t) — U(d/Ox) }’n(x, t 2.5b 
We no longer would be justified in anticipating mono- The total load p is given by 
tonic dependences on the mass parameter and Mach 
p=p > ph — Pp 26 


Number, however, in consequence of the discrete spec- 
trum of resonant modes of the panel. whence the equation of motion of the panel follows from 
. Eqs. (2.1), (2.4b), and (2.5b) ast 

(2) THE EQUATIONS OF MOTION 


I 2 9 9 

We consider a thin, uniform panel, having the mid- ca + HO; — UG)"'y — Zeer) . ~ 
plane y = 0 and placed in an air flow of velocity U The deflection 7 now could be eliminated between Eqs 
directed along the positive x axis (note, in the subse- (2.3) and (2.7) to obtain a homogeneous boundary con 
quent analysis the coordinate system will be fixed in the dition on ®, but we prefer to preserve the identity of the 
undisturbed air flow). The panel is characterized by a 


bending stiffness D per unit breadth, a tension load 7 


panel motion. 


per unit breadth acting along the x axis, and an areal * We remark that the imposition of the radiation condition ! 
: . : : os > exte i itive, since > usual existence theorems as 
mass density m; the air by a mass density pp and a sonic to some extent intuitive, since the usual existence theorems a 


. : ° sume the disturbing boundaries to be of finite extent. See, eg 
Small transverse deflections (n) of the panel 


velocity a. 


; ; a recent paper by Stoker.” 
under a load p per unit area are governed by the elastic 


+ Our selection of an axis system moving with the fluid, rather 
a than the panel, is motivated by the greater simplicity of the wav 
equation, especially as regards the specification of the conditions 

Lyn = D(0*n/dx') — T(0°n/dx?) = p (2.1 capt 
t If we assume the air in y < 0 to be at rest with respect to the 
panel, we have p- = po approximately, and the factor of 2 dis 
More accurately, the 


The disturbances produced in the surrounding air 
stream by these deflections may be represented by a 
velocity potential &, which must satisfy the wave 


appears from the last term in Eq. (2.7 
air in y < 0 could be represented as an access of inertia to th 
equation panel, but this generally would be negligible in panel flutter 

problems; moreover, its precise evaluation for structural co! 
(2.2) figurations would require consideration of adjacent boundaries 


a°?V “p _ Pi; 
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3) THE EIGENVALUE PROBLEM 


We now consider a traveling wave motion of the form 
yy b moe kn) < 1 5.1 
We restrict the wave number k to be real, in conse 
uence of the requirement that the solution remain finite 
t to, but it may be either positive or negative 


1 is related to the wave length \ according to 


a 


k 2a/X 3.2 
The e velocity c then appears as an eigenvalue to 
be determined by the equations of motion; however, we 
must subject the angular frequency to the a priori re 
striction 


Im(kc) <= O 5 


Real values of kc correspond to undamped traveling 
waves moving along the positive or negative x axis as ¢ 1S 
respectively, while negative 


positive or negative, 


imaginary values of kc imply instability of the assumed, 
small 
would correspond to disturbances tending to infinity at 


disturbance. Positive imaginary values of k 
and are not admissible in view of the implicit 


restriction that any physically realizable, steady-state 


listurbance such as that specified by Eq. (3.1) must 
stem from properly specified initial conditions 
In the absence of the air stream (Ul p 0) the 
substitution of Eq. (3.1) in the equation of motion (2.7 
vields 
( T+ Dk?) /m 3.4 


We emphasize that cy (the phase velocity of transverse 


waves along the free panel) depends on k, so that the 
propagation of small disturbances is dispersive except 
in the limiting case of a pure membrane (D 0 

A solution to the wave Eq. (2.2) that corresponds to 


the panel deflection of Eq. (3.1) through the boundary 


condition [Eq. (2.3) | is given by 
I 3—'em exp [tR(ct — 4 key | sgny 0 
} | c/a 26 


The Sommerfeld finiteness and radiation conditions 1m 


se the respective restrictions 
Ri(kb) = O 3.7a 


Im(3 0) as R! ( . \ 3.7b 
It follows that 8 is analytic in a c plane cut from +dp to 

I sgnk; this choice of branch cuts also is com- 
patible with the restriction of Eq. (3.3). We note that, 
insofar as the motion is stable, the solution (3.5 repre 
surface wave that dies out exponentially above 
in Eq. (2.7 


Substituting Eqs. (3.1) and (3.5 and 


noting that Ly mk*co*n, We obtain the characteristic 
equation 
Nk ( | / 

2pok[l — (c a | ( 0) 3.8 


ANELS ii 


from which the admissible values of c are to be deter 


mined. In the determination of these values it is con 


venient to introduce the dimensionless parameters 


and rewrite Eq. (5.8 


where the real part of is restricted as in Eq. (3.7 


rhe function f (¢) defined by Eq. (3.13) is analytic in 


a ¢ plane cut from +.1/~' to +1/ with 


senk, 


3 lL att Q), and the motion of the panel is stable 
only if f has no zeros in Jm(¢sgnk) <0. We conside1 
first the simple, limiting case of incompressible flow, (.\/ 

0), for which an explicit solution is possible. The re 


sults for compressible flow then will be shown to be 
qualitatively similar, and, although the actual roots of 
¢) can be determined only approximately for .1/ > 0, 
the stability boundary may be determined explicitly 
We remark that the subsequent results may be ap 
plied to air blowing over any surface for which the 
real mass density 


the ( la 


phase velocity co(k) and an effective a 


m may be determined. Consider, e.g., ssical cast 


of deep water waves in the presence of gravitational and 
capillary forces; the equation of motion of the surface 


under the action of a surface pressure p+ is found to be 


see reference 8, §$266(5) and §$267(1), after solving for 


and eliminating the velocity potential in the water and 


allowing for differences 1n notation 


p pul 2n Tn + ok-'n po? 0) 5.10 
where p; and 7, are the mass density and surface ten 
sion of the water. Comparing Eq. (3.15) to Eq ae | 
and allowing for the motion of the axes system in Eg 
” 7), we find the effective values 
l p p / O O » 10 
p b ) iv 
whence cy and uw (deleting the factor of 2 in recognition 
of the absence ot p are given by 
( T, pik 4 py prdgh 1S 
14 
lu po p >| 
1) THe INCOMPRESSIBLE FLOW PROBLEM 
Setting 1/ 0 in Eqs. (3.13) and (3.14) yields the 
quadratic equation 
¢ l + be ¢ T 2¢ T l ¢ 0 } 
which has the roots 
i 
1+ p)-'{-1 4 
l + t pls l >) 1.2 
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The contour C in the ¢ plane for k 0) 


and the corre 
sponding contours of 8, ¢787', and ? 


¢ + 1)? < 


Referring to Eqs. (3.9) and (5.10), the corresponding 
phase velocities relative to the air are given by 


= (] 1Y¥— U7 + [(1 + p)oo? pU2i2}) = (4.3 


Co 


TH 


We remark that ¢ and c are of opposite sign only if / 
Co (fo? > 1), whereas, if U > co (fo? < 1), 1 and C2 are 
both negative, and no downstream (relative to the un 
disturbed air) signals are possible. 

The phase velocities relative to the panel are given by 
iuU + 


+U= (1+ 4p) 


[(1 + poo? — wl?) t.4 


and are of opposite sign if ¢)? > w and both positive if 
Co? <u. In the latter instance, no signals can be propa 
gated upstream relative to the panel; conversely, signals 
propagated upstream necessarily correspond to a stable 
motion.* We note that the result of Eq. (4.4) is identi 
cal with air blowing over water if cy) and uw are substi 
tuted from Eqs. (3.18) and (3.19). [Cf. reference 4, 
§268 (3) and §232 (10) with U 0 therein and Ll” re 
placed by the present U’. | 

The transition to the unstable solution represented by 
imaginary values of the radical in Eqs. (4.2 t4 


occurs at 


({o7), = (€97/ U?). = pw(l + pw) b 


where (¢o"), denotes the critical value of (0?, below which 
small disturbances of the panel tend to grow exponen- 
* This result has a direct bearing on the extrapolation of the re 


sults to finite panels, since standing waves comprise traveling 


waves in both directions (cf. Section 6). 


I 


C 
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tially.| The corresponding phase velocities relative 


the panel are given by 


w(l + pw) tL’ (1 pe) 16 


¢+Us= 


We remark that for small values of yu, such as are found 
+ U tends to zero. 
and the corresponding flow pattern tends to becom: 


in most practical configurations, ¢ 
steady with respect to the panel. 


5) THE STABILITY BOUNDARIES FOR COMPRESSIBLI 
FLOW 


We now proceed to extend the results of the preceding 
section to compressible flow (.1/ > 0), first applying 
Cauchy's principle of the argument'* to prove that f(¢ 
has either two zeros on the real axis and no zeros in the 
half plane 7m (¢sgnk) 0, or no zeros on the real axis 
and one zero in /m(¢sgnk 0, corresponding to stable 
or unstable motion, respectively. 

Assuming first that k > 0, we consider the contour C of 
Fig. 2(a), consisting of the line ABCDEFG just below 
the real axis and indented under D at ¢ = O, C and Eat 
¢ = +M—,B and F att cE IUEY—", and I att = 
— 1 (the location of which, relative to E and F, depends 
on the value of 1/7), and the semicircle GHA of radius 
tending to infinity. 

The corresponding contours traversed by 8, ¢°8 
2(b , Ae 
to +1, 


and (¢ + 1)* fo” are shown in Figs. and 


2(d), respectively. 
the ¢°8~! plane from +27.1/-? to +7 


The 8 plane is cut from — | 
and 0 to +, 
+ The result of Eq. (4.5) is not new, at least for the special cast 


fa membrane (D = QO), its derivation having been set as a prob 
lem in the examination of Constructor Lieutenants at the Roya 
Naval College."! 


m = 0 was cited by Rayleigh® as illustrating the flapping of flags 


The degenerate case obtained when D = T = 


instability 


and sails; in this case /inear (as opposed to exponential 


is found for all wave lengths 











when the motion 1s 


The Nyquist diagram for /(¢) 
The BC and EF loops are drawn on the assumption 
1, and are inverted for MJ > 1 


Fic. 3 
stable 
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nd the (¢ + 1)* — ¢0? plane from —{? to +o. The |.Or T T T T T 7 
‘lative to : ; ; : _ Sal ‘ : 
contour (or Nyquist diagram) for /(¢), as given by Eq. 
13), then follows by superposition and is plotted in ~M=2 
Co (46 Fig. 3 on the assumption that ¢)? is sufficiently large to 0.8F , \ 9 ed | | 
, place its branch point (at which /’ vanishes and the 
re lound , . - ove . ‘ tie 
” mapping Ol C is nonconformal) on the negative real M= | 
to zer0, —Y 06+ a t 
axis. ~ 
become , : : : 2/9 
It is evident from a consideration of the ¢°8~! and 
, 2 ti u o© -—M=0 
+ | ¢)? contours that there must exist a critical — 04 | 1 
value (¢y2). depending on yw and J, such that the f con 5 
SSIBLE ‘ Bice? is a ae age? Y 
tour does not encircle the origin if ()? > (fo). and en "2 
circles it once if fo" < (fo7)... It then follows from the —~ 92 4 — — 4 4 
receding aforementioned principle of the argument that, since / 
pplying has no poles within C, it must have respectively, 0 or | 
hat f(¢ eros therein. In the former case, | crosses the imagi- oF) > 3 4 5 e 
'S in the nary axis twice, say at ¢) and ¢2, the imaginary parts of w= p,d/mm 
eal axis which tend to zero as the contour A—G approaches the 
O Stable real ( axis. We also may deduce that: Fic. 5. Stability boundaries. Points above and below a particular 
: a3 =e Pb : : : boundary correspond to stable and unstable motions, respectivel) 
a) |¢ < \/~' (since these points lie between C 
yur C of ind E ; 
t below b) if &)* > 1 (: and &% are of opposite sign [ef. Eq , ’ ; ; 
: au ; ae + pe We now deteriine (7), as a function of uw and JJ by 
nd E at 1.3)], since then D lies to the left of the origin in the / : _ : 
be ; noting that ¢,, the critical value of ¢ at which the real 
at¢ = plane; o a . 
: : x : — . roots ¢; and ¢» coalesce, must satisfy the simultaneous 
lepends c) (¢ < 1 forall V [ef. Eq. (4.5) ]; ; ; 
; ee es , 1/2 ’ equations 
radius d) if MW < 1 and fo? > w( 1— M?) 1 + ¢, and , 
+ ¢ are of opposite sign, since then I lies to the left of f(¢ f"(e 0 5.1 
ales the origin in the f plane; 
»), and e) if f& < (1 — AJ~'), which can happen only if 7 > Solving Eq. (3.13) for ({o*)- and its derivative for 4 
to +1, , the branch point in the f plane (at which /’ vanishes then yields the stability boundary in the parametric 
) +0, lies on the positive real axis, and the panel motion is un form 
stable for all u > O; | 
ial case - . " ° = a u 2(1 T C Cc ; 2 2 We V/ ¢ 
ail f) the critical value ¢,, at which ¢; and ¢» coalesce, al 
a prob pati 5.2a 
Roval lies in the interval (0, —1) or (O, —.7~') as AZ is less or 
=[= greater than one, respectively, whence signals propa 7) l+ ¢.){1 + M2 Wr | (5.2b 
of flags gated upstream with respect to the panel cannot be un 
tability stable (cf. Section 4 where the radical now is taken to be positive real for 
We next extend the foregoing conclusions to negative both positive and negative k. The numerical results 
for (fo). vs. w and ¢, vs. uw, obtained from Eq. (5.2) by 


—_ k by considering the contour C’ in the upper half ¢ plane 


that is obtained from C by reflection in the origin of all assigning ¢- values in the intervals (0, —1) or (0, — A" 


(ef. conclusion (f) above], are plotted in Figs. 5 and 6 for 














points except / (which remains at ¢ 1) as shown in 
= aT . 4 *n - , 9 
Fig. 4(a). The corresponding 8 contour, shown in Fig. MV = 0,1, and 2. 
t(b), is found to be a reflection in the origin of the con In the neighborhood of these boundaries we have (for 
tour of Fig. 2(b), and it then follows that the contours fixed 17) 
traversed by (76~'sgnk and (¢ + 1)* — ¢y? as ¢ traverses 
77 . si ° ca : ey U = Of, On)-( _ — (Of /OC iC v , 
C are identical with those of Figs. 2(c) and 2(d) except siete : (ard M , My : 
f . : : + (1/2Z)(O7F/OC*) AC eo ~-. (Ke 
lor the relative location of / (¢ = —1 ae 
<= —_ where the subscript c implies the evaluations of the par 
5 Pe +ioo tial derivatives at f = ¢., uw Me, and fo" { 
ff Carrying out the indicated operations yields 
/ j (¢ — ¢.)? = —¢(1 — M%2)(2 — M%,2) X 
| \ [9 L 2% 2 D to be } , 
h BCI pb s*¢ 2 hi “44 - (2+ M*r¢.2 + 44% | ie es ieee 8 
+ + So c= 4 ——_——— . a ° - 
"=! 7. Ly ve sa | 0 6C t (fe? — Ge*)-] — F.1 — MF. "(mu — pe} (5.4 
M +M Mz; M 
4 z 
t v4 - = ’ , 
f f The square root of the quantity in braces may have 
f ) ' 
i f ~~ either sign if real (stable motion) but must be assigned 
i 
f f Tha il the phase —7/2 if imaginary (unstable motion 
7 -1@ - 
(a) 4 (b) B The behavior of the stability boundaries for very 
a> f = o small and very large values of 1 may be determined by 
on} Fic. 4. The contour C’ in the ¢ plane for k < 0 and the corre- é . 5 ee + ; f ; . 
approximate reversions of Eq. (5.2), which yield 


; n . 
—_ sponding 8 contour 
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Fic. 6. The parameter 1 + ¢., representing the ratio of phas« 


velocity relative to the panel to the air speed for points on the 
stability boundaries. 


(fo"), 1— M Vy + 0/1 — WM a” | 
M<! Da 
(5/4)ut? + CV — 1)? ? + O(n®”?), 
M—-—1!] <p (5.5b 
(1 U-!)? + 3°4-(8) (MT — 1) "84 -2y?/8 + 
O[(M — 1)-4/? uA |, M>1 (5.5¢ 
i+¢ (1 (1/2 Mya — jf?) Lr 
QO [(1 — \f?) 2) 4,2], M ] (5.6a 
(1 >) +- (35 5)(.VM — ]) + O(n? ’ 
M—- 1 m (5.6b 
(1 M-) +2 (MM — 1)—-'3) &X 
Mo-'p?? + O[(A — 1)- 9 p43], 
M>1 (5.6¢e 
GHe~w~i+t+ i ~ al + ot + 


‘| (.d 


O[ Au 1 + p) 


These approximations emphasize the relatively strong 


sensitivity of the stability boundaries to changes in .]/ 
for small uw and, on the other hand, the relative inde- 
pendence with respect to ./ for large u. We remark that 
the approximation Eq. (5.5a) for 0 S MW < 1 is related 
Prandtl- 


Glauert transformation in virtue of the fact that the flow 


to the incompressible flow result by the 


with respect to the panel tends to become steady in the 
neighborhood of the stability boundary for small u (cf. 
the remark at the end of the Section 4). 

The nature of the instability in the neighborhood of 
the stability boundary may be determined from Eq. 
(5.4). Assuming uw to be small and using Eq. (5.5) and 
(5.6), we find that the unstable motion in the subsonic 
regime is approximately of the purely divergent type, * 
whereas that in the supersonic regime is a divergent 


oscillation. The latter conclusion is important in com- 


*The frequency and damping factors, as represented by the 
real and imaginary parts of 1 + ¢, are O(u) and O[f)? — (1 — 
AM?2)~—O!2) yl?) respectively. 
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paring the results of this section with those for a finjt, 
panel (see Section 6, below). 

(6) STABILITY CRITERION FOR A PERIODICALLY 
SUPPORTED PANEL 


The foregoing results are not directly applicable 1 
supported panels, since, in general, the fwo traveling 
wave solutions available for a given value of & are no 
sufficient to construct a standing wave solution that 
satisfies the boundary condition of zero displacement a 
the supports.— We should expect, nevertheless, that 
the assumption 


corresponding to a sinusoidal arch of length /, should 
furnish an approximation of the right order of magni 
tude for a panel having periodically spaced supports of 
separation /.— We also shall consider (in Section 7) the 
extrapolation of our results to a finite panel of length 
but this would appear to be rather less reliable (com- 
pared with the periodic support problem) in consequence 
of the anticipated differences in the aerodynamic forces 
Substituting Eq. (6.1) in Eq. (3.12) and removing the 
factor of 2, on the assumption that air flows only on th 
upper side of the panel, yields 
u= (|p liam = 7 “(po/ Pm) h 0.2 
where p,, is the mass density and /: the thickness of the 


The ratio (po mp») is about 1.5-10~* for dura 


at sea level, while practical values of (J) 


panel. 
lumin 
are of the order 10°, so that we may proceed on the as 
sumption of small xu. 
The stiffness D of a thin panel is given by 

D = E’h*® 12 6.3 
where /:’ is the effective modulus of elasticity (Young's 
modulus divided by 1 — oa, where a is Poisson's ratio 
The corresponding phase velocity of the free panel in the 


absence of a tension load (1.e., 7’ = 0) then is given by 
Eq. (3.4) as 
Co? = (2° E'hF/12ml? (3r2E'/12pm)(h/l 6.4 


We express the air speed lL’ in terms of the Mach Num 
ber .\/ according to 


U? = AM “al 


7 AM “p p 6.9 
where y is the specific heat ratio (y = 1.4 for air) and 


py) the ambient pressure. Dividing Eq. (6.4) by Eq 


(6.5) to obtain fo? and substituting the result, together 
with Eq. (6.2), in Eq. (5.5), yields the approximations 


t excel 


| The limiting case of steady flow presents an important 
tion; ef. the last remarks in Sections 4 and 5 and the paragraj 
following Eq. (6.9). 


tri 


t The presence of an elastic foundation—or, for a curved s 


ture, extensional stresses—probably would cause the minimun 
wave speed to occur at a wave length small compared with tl 
panel length, whence the assumption of an infinite length might 
constitute an adequate approximation—at least for oscillatory 


stability ‘his problem is now under investigation. 
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Dy po/ mE’ Ws. — IP 
m (l— M 6.6a 
Sy po wk’ ‘(IT Pm Pp + 
2/5) (15 ypo/ x EF’) ?(ap,/po)?2(M — 1 
W- 1 o 6.6b 
2y po! we’) **( apm! p (W —- 1 
ux (VJ —-— 1 6.6¢ 
\ssuming duralumin (£’ = 10° Ilb.in.~*, p,g = 0.1 
bin at sea level,* these reduce to 
0.0093.172°(1 — ALP l¢ O.7a 
0.0135[1 + 240M — 1 6.7b 
0.073(.M | 0.001 (1 ] 6.7¢ 


hese last results are plotted in Fig. 7, the curves of 


Eas. (6.7a), (6.7b), and (6.7c) being faired into one 


nother. We remark that the singularity in Eq. (6.7a 
it J = 1 [which is a result of the approximation noted 
in Eq. (5.5a) and not a consequence of the linearization 
of the equations of motion] is so weak that the critical 
value of 4h / predicted near .\J = 1 exceeds the value 
given by Eq. (6.7b) at 7 = 1 only for AJ > 0.95. 


We note that the effect of a tension load 7 on the 


foregoing results may be introduced simply by replacing 


D by |ef. Eqs. (5.4) and (6.1 
Der: D T if l/r 6.Sa 
D{1 + (T/Nez)] 6.Sb 


where Vy is the Euler buckling load (per unit width 


for a simply supported, two-dimensional panel—viz., 


1U0T 


Ve = (r/1)*D m*k’h 12)(h/1)? (6.9 

In attempting to assess the reliability of the results of 
Eqs. (6.6) and (6.7) for supported panels, we emphasize 
that the result of Eq. (6.6a) involves no restrictions 
beyond those applicable to the unsupported panel. This 
conclusion follows directly from the last remarks of 
Sections + and 5, which establish the steady character 
f the subsonic flow pattern for points on the stability 
boundary in the limit « = 0. Moreover, it is confirmed 


by the agreement between Eq. (5.5a) and the corre 
sponding result obtained by Hedgepeth et al. [reference 
5, Eq. (1 


imalysis, is replaced by 2/ in consequence of their use of 


6) | if a, the distance between supports in their 
deflection mode sin (27x a).7 

The validity of the approximations of Eqs. (6.6b) and 
.7b) for supported panels also follows from the fore 
going arguments if .1J = 1. We emphasize, however, 
that the Mach Number range in which the approxima 
tion of Eq. (5.6b) furnishes acceptable accuracy tends 


that the panel thicknesses indicated by Eq. (6.6 
se in altitude, although the supersonic result, 


rather than p 


rease with increa 
eing dependent primarily on the sonic velocity 
» Separately ) is relatively insensitive to altitude 

1 The ‘todd solution’”’ 
1 therein; see also the dashed curve of Fig. 8 therein 


of reference 5 would correspond to our 


result if » 
le authors’ choice of deflection modes is discussed in more de 


} 


tall below 








THIN PANELS iva 
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h bho d+ “1 go 
W7/) 
(6.7) 
03}+_—__—__+—_-# ! + 
02}- —f— : : 
(7.2) 
o1 }— 4 —4 : 
—oTJ 
a noes 
— 
9 3 2 3 
M 
Fic. 7 \pproximate stability boundary for two-dimensional 
panel 


, so that the validity of 
Vixé 


Vf 7 


to zero at the same rate as 1 + ¢ 


Eq. (6.6b) for supported panels when remains 
open to question. 

In the supersonic regime the extrapolation of the re 
sults for traveling waves on an infinite, unrestrained panel 
to standing waves on a periodically supported panel is 
much more intuitive in character; nevertheless, we 
should expect any disagreement to be on the conserva 
tive side in virtue of the conclusion (deduction / from the 
Nyquist diagram of Section 5) that waves traveling 
upstream cannot be unstable. The results obtained by 
Hedgepeth et al. are, however, markedly different from 


; in particular, their 


that given by Eq. (6.6e) in J > 
stability boundaries are multivalued, so that stability is 
predicted only for one or more finite ranges of h// (at 
least in the Mach Number range considered). A much 
more detailed investigation would be required to explain 
in a completely satisfactory manner the qua/itative dif 
ferences between the two sets of results, but these dif 
ferences are so unexpected that we believe it worthwhile 
to set forth several points on which the analysis of ref 
erence 5 is at least questionable 

The most important criticism of the work of Hedge 
peth et al. concerns their selection of deflection func 
tions. This choice carries with it the following implicit 
assumptions: (a) that the panel deflection may be ex 
pressed with sufficient generality by the Fourier series 


> a,exp(inrx 1); b that this series converges 


— 


rapidly; and (c) that the dominant terms (with respect 


to panel flutter) in this series are those for which n = 0 
and +2, corresponding to the real deflection modes sin 
(2rx/l) and 1 — cos (27x /), both of which vanish at a 
= Qand /. 


Now, we may regard it as obvious that the complete 


set of natural—i.e., free vibration—-modes of an in 


finite, periodically supported panel includes all of the 
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modes of a single panel having the sane length (/) be- 
tween supports—viz., sin(mmx//);* on the other hand, 
the functions 1 — cos(2umx//1), which satisfy the 
boundary conditions but not the differential equation, 
are not admissible as natural modes. It also should be 
evident that the periodicity of the boundary conditions 
places no constraint on the relative phases of the mo- 
tion in successive panel bays. Indeed, we may verify 
that the most general solution to the differential equa- 


tion 


dy, (*) ("= ) ‘ 
. _ vy, = 0: hk =¢g : 
dx! 1% le D 


nl<x<(n+1)l (6.10) 


that satisfies the boundary conditions 


i. <r x =nl or (n+ 1) (6.11a) 
Yn’ = Vat 3 x= (a + Pl (6.11b) 
vo = Year: x= (n+ 1)/ (6.11¢) 
y, finite; x—~> +a (6. 11d) 


is given byT 
Yn = sin (mré,); wRa= Les... GaP 


if sin X = O(A = mm) or by 


(n+1)0r_- . + : : 5 

Vn =e” [sinh \ sin (A€é,) — sin A sinh (Ag,) | + 
e”" lsinh A sin A(1 — &,) — sinAsinhdA(1 — &,)] (6.13) 
&, = (x/) — 2n, ss Ss 1 (6.14) 


if \ satisfies the equation 


cos §@ = (6.15a) 


sinh \ cos \ — cosh X sin ‘ 


sinh A — sin A 


y 7 
= V2 cos (. + ") + 
cosh X — cos X t... _ 
: : —1]sin2X_ (6.15b) 
sinh A — sin A 


The right-hand side of Eq. (6.15) is plotted in Fig. 8, 
assuming @ positive [it also may have the same negative 
values since Eq. (6.15) isevenin 6]. It is found that the 
smallest value of \ that makes @ real is 7; for \ > m the 
second term in Eq. (6.15b) is never greater than about 
0.02, and the permissible values of \-1.e., those giving 
real §—lie approximately in the intervals 


me an S te +(1/2) ie: m= 1,2,3... (6:46) 


It follows that the spectrum of eigenvalues for an in- 
finite, periodically supported panel is neither discrete, 
as would be the case for a finite panel, nor continuous, as 
would the case for an infinite, unsupported panel; 
rather, it has a fi/terlike character, being made up of dis- 
crete bands with a lower cutoff—viz., \ = 7. 

The discussion of the preceding paragraph reveals 


*n is assumed to be an integer throughout the subsequent 
discussion, 
t Eq. (6.15a) is, of course, satisfied by X = mz, but Eq. (6.13) 


then is indeterminate. 
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Fic. 8. cos @ versus X, as given by Eq. (6.15 6 is real on 
in the unshaded regions 


that the expansion functions assumed by Hedgepeth 
et al. (assumption a above) do not form a complete set 
for the periodically supported panel; more explicit) 
their choice imposes an unjustifiable constraint on the 
spatial periodicity. On the other hand, it is not re 
stricted to natural modes of the freely vibrating panel, in 
consequence of which there is no reason to expect rapid 
convergence of the cosine portion of the series in th 
analysis of the aerodynamically disturbed panel (cf 
assumption 6 above). Finally, the dominant mode of 
the freely vibrating panel is sin (mx//), and we should 
anticipate that the departure therefrom of the most im 
portant flutter mode in the presence of aerodynamic 
forces would be of order uw; nevertheless, Hedgepeth ct 
al., in apparent disregard of the trail so clearly blazed 
by Lord Rayleigh, implicitly regard (assumption 
above) the deflection functions sin(27x//) and | — cos 
(27x//) as more important than sin(ax//). We hasten 
to add that the stability of a flutter mode differing 
slightly from the dominant natural mode would not 
necessarily preclude the possibility of other unstable 
flutter modes (although, on intuitive grounds, their ex 
istence is improbable); but we certainly can have but 
slight confidence in the results of an analysis that both 
completely neglects the dominant mode and imposes an 
artificial and unjustified constraint on the admissible 
types of deflection. 

Another criticism of the analysis of Hedgepeth et al 
is that, even within the limitations imposed by their 
assumed deflection, they appear to overlook the possi 
bility of a flutter mode for which (in their notation 
= —a_, and 8, + B_, = 0. But this is precisely the 
type of condition we would expect on the basis of a 
Rayleigh-Galerkin type of analysis assuming small de- 
partures (of order u) of the deflection mode from sin 
(wx /l).t 

We emphasize that none of the foregoing arguments 
prove even the qualitative validity of the approxima 


t Such an analysis is being carried out by one of the writers 
students at the University of California, Los Angeles 
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tions of Eqs. (6.6¢ and (6.7¢c) for a periodically sup- 
norted panel in a supersonic stream; nor, on the other 
hand, do they disprove the results of Hedgepeth et al. 
Nevertheless, in the face of the disagreement between 
results and the questionable assumptions of the 


that 


the 
latter authors, we believe there is a need for 


further study. 
SrARILITY CRITERION FOR A FINITE PANEL 


We shall not attempt any direct comparison between 
the 
writer’ for a finite panel in supersonic flow, but it is im- 


the results of Section 5 and those of Shen? and 
portant to note that there exist serious discrepancies 
id to offer certain criticisms of the analyses in the 
latter papers. First, we remark that the instability pre- 
dicted in Section 5 for sufficiently thin panels in super- 
sonic flow is characterized by negative damping of a 
single degree of freedom. This type of instability also 
is predicted by reference 3 for Mach Numbers in the 
range (1, 72) on the assumption of sufficiently small 
values of the reduced frequency. The approximation of 
small reduced frequency was not made by Shen,‘ but 
his results also imply the possibility of negative damping 
in the range (1, 2) as well as the type of instability 
discussed in the following paragraph. 

In addition to the panel instability associated with 
negative damping of a single degree of freedom, ref- 
erences 3 and 4 both predict a divergence associated 
with the aerodynamic coupling of the two (natural) 
modes by which the panel motion is approximated. 
lhe fact that such an instability is not predicted for the 
infinite panel, while by no means conclusive, leads us to 
suspect that it probably would not be experienced by 
finite panels and that its prediction by references 3 and 
{is a spurious result of pushing the Rayleigh-Galerkin 
type of approximation beyond its intrinsic limitations. * 
In this connection, we remark that such an approxima- 
tion, being based on the representation of the panel 
motion in the presence of aerodynamic forces by the first 
lew modes (only two in references 3 and 4) of free vibra- 
tion, implicitly assumes the aerodynamic forces to be 
smal] compared with the structural and inertial forces; 
1€., in the notation of Section 5, the parameter y is as- 
sumed small compared with both (1 + ¢)*° and (0°; 
in the neighborhood of the (predicted) stability bound- 
aries in question, however, this does not prove to be 
the case 

We believe that the statements of the preceding para 
graph are sufficient to place the results of references 3 
id 4 in considerable doubt insofar as they predict in- 

* This suspicion is supported by a brief (unpublished ) investiga- 
two-dimensional membrane using the low fre 
A direct 


adiferential equation yields no instability other than that due 


n of a finite, 


solution of the 





ney, aerodynamic approximation 


directly to negative damping, whereas a two mode Galerkin solu 


ields a spurious instability similar to that predicted in 


relerence 3 lddendum: Professor Shen has recently informed 
u a direct solution of the differential equation for 


he author that 
1 (with bending stiffness) confirms the results of the 


the panel 


valerkin analysis, so that in this case there is no spurious 


Instability 
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stability due to causes other than simple negative 
damping.t The latter type of instability, on the other 
hand, would appear to warrant further investigation 
The low frequency approximation of reference 3 1s 
clearly inadequate for this purpose, although it does 
serve to define approximately the Mach Number re 


») 


gime—viz., (1, 2), in which such instability is 


possible. If uw is sufficiently small, however, we may 
calculate the zero damping boundary on the basis of the 
dominant mode sin (ax /). In Shen's notation, this 
amounts to requiring the imaginary part of Q),’ to 
vanish, which, using the first three terms in the fre 
quency expansion of the aerodynamic forces,{ yields 


[see Eq. (D.7), reference 4, noting that Shen’s w 


my in our notation if we take k rl) 
- = (€0°)- = 2M-?(M? + 4)-"(2 — M?) X 
T~ } g 


(M2? — 1)? (7.1) 


Comparing Eq. (7.1) with Eq. (5.5c), we find that the 
critical value of ¢)* for negative damping of single degree 
of freedom oscillations of a finite panel of length 

differs from that for a disturbance of wave length 2/ on 
1)-1 (2 M? 


The corresponding critical panel thickness 


an infinite panel by the factor 2(.1/° + 
(M + 1)?. 
ratio for duralumin at sea level [ef. Eq. (6.7¢)] is 


h/l = 0.073»/2(M? + 4)-(2 — MP)? Xx 


(M? — 1 (7.2 


which is plotted in Fig. 7. 

It is, of course, possible to carry out a numerical solu 
tion for a finite panel paralleling that of Section 5 -1.¢ 
involving no approximations beyond those associated 
with linearization 
solution already has been outlined by Goland and 
Luke.'*** 
pare the results of such a solution with those of Section 


». 


indeed, one procedure for such a 


It would be of considerable interest to com 


We conclude by emphasizing that the foregoing re 
sults are not directly applicable to practical configura 
tions, since three-dimensional effects must be expected 
to be of great importance. It is probable that the next 
step in the direction of a better understanding of the 
panel flutter problem should be the analysis of a cylindri- 


cal structure. 


+ Addendum: The analyses of reference 3 and 4 have been 


extended by Nelson and Cunningham,” and they confirm the 


types of instability previously predicted; see also preceding foot 
note 

t This approximation is justified a posteriori by the smallness 
VW interval (1, V2 It 
assumed the 


of the right-hand side of Eq. (7.1) in the 


should be emphasized, however, that we have 
parameter u to be small compared with this right-hand side It 
appears that the latter condition usually would be satisfied for 
practical configurations at relatively high altitudes but perhaps 
not at sea level 

** Goland and Luke also present an asymptotic (in .17) solution 
that predicts stability for sufficiently large 17. This result evi 
dently supports the present discussion Addendum: This re- 


sult has since been questioned by Shen." 
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Integrated Use of Analog and Digital Computing Machines 


!) As a result of the increased complexity of the 
dynamics problem, the results must be reasonably 
guaranteed to be free of errors. 

In view of these characteristics a review of possible 
both 
was made, and an optimum ap 


methods using high-speed computing machines 
digital and analog 
proach was determined using both the analog and 
digital computing facilities in an integrated manner. 
The success of this approach not only depends upon 
the existence of the computers themselves but, like 
any other large operating facility, requires a highly 
The 
cost of the machines and upkeep as well as the cost and 


trained, fully cooperative team of personnel. 
training of adequate personnel is perhaps the largest 
drawback in this integrated approach. 

The techniques described in the paper were illus 
trated by several dynamics problems involved in pro 
duction airplanes. Due to the increased amount of 
information that can be obtained from the computers 
in the form of various transfer functions, more refined 
methods can be used to predict critical design factors. 


In view of the importance of minimum weight for 
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ss | Dvnamic Behavior During Accelerated Flight 


, Pro I) INTRODUCTION 
I THE DESIGN and development of guided missiles 
and high performance airplanes, it is often neces 
July, 1952 sary to consider their dynamic behavior in accelerating 
- fight. In the cause of airplanes, such accelerations oc 


ur during the period immediately following take-off, 





uring high-speed dives, and following the application 
dive brakes. In the case of euided inissiles the 

eriod of interest is the launch or boost phase of the 
yectory 


| [here has been considerable work done to date on the 
| launching of rockets, but in these studies it has been 
ustomary to neglect the aerodynamic lift and damping 
rces. 


For the usual rocket configuration consisting 


i slender body with small stabilizing fins this ap 
proximation appears valid since these forces are pri 
marily due to body lift and are small. But in the case 


winged missiles which in configuration are moré 


nearly like an airplane than a rocket, the validity of 
this assumption is questionable. 

In the present paper it is found that damping and 
lit forces may be included in the analysis without com 
plication 


d Che problem is approached from the classi 
rR 10 cal 


The 


stability theory, assuming small oscillations. 


equations of motion are therefore linear but since the 

ks speed is variable, the coefficients are not constant. An 
a exact solution in terms of definite integrals of the 
ie Fresnel type is obtained. These integrals are func 


tions of the relative damping only; they are independ 


ynt ent of the frequency. Consequently, once the relative 

ARDC ilies 2 . oe of 
iamping 1s determined, the effects of acceleration, fre 
juency, launching angle, thrust misalignment, and 


wind can be readily evaluated. In the appendix the 
ilues of these integrals for various values of relative 


damping are presented. 


Il) COORDINATES, NOTATION, AND SYMBOLS 


rhe equations of motion for a missile can be referred 
}a set of body axes that are fixed in the missile and 
move with it. An orthogonal set of principal body 
ixes with origin in the missile center of gravity (the 
This 


The velocities, 


‘-axis in the normally vertical plane) is selected. 
coordinate system is shown in Fig. 1. 
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moments, angular velocities, displacements, and angu 
lar displacements are all defined in accordance with the 
right-hand rule. 

Throughout the text, the usual convention of placing 
a dot over a quantity to denote differentiation with 
respect to time is used. Whenever a fractional power 
of a quantity is involved, the positive real branch of the 
For the 
principal branch is taken 


multivalued function is taken. 
the 
In the following list the principal quantities used in 


inverse trig 


onometric functions, 


this paper are defined. 








icceleration, ft. s¢ 
rete ice chord for ) t Cl f 
( [ 1/2 Vs It coe cle 
( 1/2 S itching 
coefficient 
Cre OCL/Og, evaluated at trim positio 
Cake OCy/Oq, evaluated at trim pr 
l Wa Oly, Ula 21), evaluated : 
Cw = Oly OVO 21°), evaluated at 
= acceleration of gravity, ft. ‘se 
= S v? + 2*)dn moment of inerti bout 
y-axis (pitch), Ibs. sec.? ft 
distance from missile center of gravit 
motor nozzle, ft 
= lift, Ibs 
mass, lb. sec ft 
1 pitching moment, ft ) 
MWe 71, sin « = pitching 1 nie tl ist 
lisalignme ft. lb 
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W'(6) = JM(e)/f, = angular acceleration in pitch 
due to thrust misalignment, rad./sec.? 
17 '(5) = \/(6)/J, = angular acceleration in pitch due 
to control deflection, rad./sec.? 
q = 6 = 06/d0f = perturbation in pitch rate 
(angular velocity about y-axis), rad./sec 
q' = (1/2)pV? = dynamic pressure, lb. /ft.? 
S = reference area for aerodynamic coefficients, 
‘7 
t = time, sec 
7 = thrust, Ib 
(id = (7'/m) = axial acceleration due to thrust, 
ft./sec.? 
l = velocity component in x-direction, ft./sec 
J = missile velocity, ft./sec 
Ww = velocity perturbation in z-direction, ft./sec 
w = cross-wind velocity component, ft./sec 
Pe = coordinate axis, right handed principal body 
axes (roll, pitch, vaw axis, respectively) 
is = force in z-direction, lb 
Z(6) = force in z-direction due to control deflection, 
lb 
Z'(6) = Z(5)/m = acceleration in z-direction due to 
Z(6), ft./sec.? 
Z,' = Z'(6) + 7’ sine + g cos 9, ft./sec.? 
yA = QZ/OwW = resistance derivative, rate of 
change of force in z-direction due to 
velocity in z-direction, lb. sec. /ft 
ae Zq = resistance derivatives, lb. sec.?/ft.; Ib. see 
Mw, Mi; M, = rotary derivatives, lb. sec.; Ib. sec.?; ft. Ib 
sec. 
Zw, Zq = Z,/m, Z,/m 
M,’, M;, M,' = M./I,, M,/I,, M,/I, 
Les = average value of Z,,’/l 
M, average value of J/,'/U 
Mw. = average value of J/,,’/U 
M;,, = average value of J1/,,'/l 
17(5) = average value of \/'(5)/l”? 
Z(5)o = average value of Z'(6)/l”? 
a = angle of attack, rad 
6 = control surface deflection, rad 
€ = angle between thrust axis and missile center 
line, rad 
c = distance in z-direction, ft 
c = m/w) = fraction of critical damping 
n = damping constant, 1/sec 
n = reduced damping constant (1/ft 
d = w/l incremental angle of attack, rad 
0 = perturbation angular displacement in pitch, 
rad 
0 = angular displacement in pitch measured 
from horizontal, rad 
oO; = initial value of 0, rad 
é = wx = dimensionless independent variable 
in equation of motion 
p = mass density of air, Ibs. sec.?/ft.4 
y = phase angle, rad 
w = circular frequency, rad./sec 
w, = natural undamped_ circular frequency, 
rad./sec. 
w = w/U = reduced circular frequency, rad./ft 
(III) EQuaTIONS OF MOTION AND THEIR GENERAL 


SOLUTION 


The equations of motion are referred to a set of 
principal body axes; hence all product of inertia terms 
vanish. The longitudinal motion is assumed to be a 
uniform acceleration. Furthermore, it is assumed that 


all other motion is confined to infinitesimals so that the 


or, 1936 
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classical theory and the concept of stability deriyatiy, 
are applicable. The derivatives, being functions of th 


forward speed, mass, inertia, etc., are variable wi 


time. It is assumed that the missile has a longitudi; 
plane of symmetry and that it is initially trimmed , 
fly at zero angle of attack. The forces and momen 
due to surface incidence and or control surface defle 
tions, as well as forces and moments arising from thrys 
misalignment, are treated as forcing functions. Th 
six equations of motion separate into a longitudin 
Neglect 


ing second-order terms and referring to Fig. 1, the long) 


set and a lateral set of three equations each. 


tudinal equations are written 


ml 1 cos € mg sin (O; + 0 
w—Z,'w— Ug = 2'(6)+ 7’ sine + gceos(0,4+ 6) (2 
where ¢= q dt 

/J OV 
q = M,, ‘w - M,'w _ Mi'q AL(6 + \T'(e 


Where the prime indicates that the quantity has bee: 
divided by the appropriate mass or moment of inerti 
Ze = (Z,/m), M,’ = (M,/1,), ete.]. For 


values of 6, Eq. (1) reduces to 


small 


i) = @t = | 
where a= I" cos< g sin 0; 


In Eq. (2), 1f 0; 1s also small, the quantity @ sin 6 
i the expansion of cos (0; + 4) may be neglected and 
the order of the equation lowered. 


tion has been found to be acceptable even for large 


(This approxima 


values of 0,, provided the axial acceleration a is larg 


compared to g.) 


Writing 27,’ = Z’'(6) + 7” sin « + g cos 0, 
g = (w/U) — Z,'(w/l e/a 

Now let (w/U) = & and substitute in Eq. (6 
g=v0-+ [(a/l — Z,' |d Z,'/l 7 


The stability derivatives are defined in terms of bo 


axes and may be written 


Fis = Lue l | 


Mu,’ = M,l 
My! = Mal | 
Mo’ = M 


o 


in the forcing function al 


The terms Z’(6) and W’(6 
due to the missile lift and moment at a = 0 and are 
given by 

Z(6 ( 

A(6)ol 


Z'(6 — 
M’'(6 
The M ays, Moccge Mii ECO) 


are assumed to be constants depending on the missile 


quantities , and (6 

vaa.* ° ° . = 
(This approximation is reasonably valid 
for most configurations.) It should be noted that this 
definition permits variation of mass, moment of inertia, 


configuration. 


center of gravity, as well as aerodynamic coefficients 
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Substituting Eqs. (4) and (8) into Eq. (7) and dif- 


erentiating 


é- r/l Zy |i — [(a? ll + aZ,,|3 + 
la(Z,’ U?] — 2a Z(6) (Y 
Substituting Eqs. (7), (8), and (9) into Eq. (3 
ae M,, -— M,U + (a U)]8 4 
- VW t A M, (7? - J . 2 M, T a a 
(a?/U*)|d = Fil (10 
ere F(l W'(e) + M(6)ol? —- 


Zy'(M,, + (a U*)] + 2aZ(6)o (11 


Defining the damping and frequency parameters, re- 


spectively, 
"1 (—1/2)(Zy, + My, + M n/U (12 
‘ —-M,,, + Zn,M wy,” / l 13 
P n w?/U? 14 
i N/a nw ld 


11) can be written 
2nol' + (aU) Jd + fe, 
(a*/U?)]8 = Fil 16 
It is convenient to change the independent variable 
to x which is essentially the distance along the trajec 
tory. With this change of variable and upon division 


by 2ax, Eq. (16 becomes 
| n l F(U ' 
+ 2m 2’ + fw 1. . We = (1% 
\ x hy Pax 
With the transformations, J y exp nox), and & 
, Eq. (17) becomes 
a-y lad l 
dé Eaé tE-] - 
t l <« } I l & Dat | CXP (0g / 
vnere IS) 
U(é V 2(a ‘woe \ 


The homogeneous equation obtained from Eq. (1S 


is Bessel’s equation of order '/. and has the two general 


solutions J;,,(€) and J (£). Moreover, these may 
be expressed 
y = Ji/,(é V2 ré sing 20 
y + / . . ») 
y J £) = V2 ré&cosé 21 


rhe particular integral for the nonhomogeneous 
juation may be obtained by the method of variation 


| parameters and is given by 


| é ] V1 . | \ eae 
where - yo A\y \ f(é ae| 
a‘ 23 
Wilé) Avis ) f(g as| 
ind A +1, V2) 1S the Wronskian. The complete solution 
) Eq. (18) is then 
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J_.(&) + Wé 24 


C; and C. are constants to be determined from the 


initial conditions. 
the indefinite integrals with the value of the arbitrary 


The integrals for |; and J» are 


constant taken equal to zero. 
The forcing function as given by Eq. (19) may be 
written in a more convenient form before attempting 


to evaluate the integrals. Combining Eqs. (11) and 


(19), 
exp (Cog 
(£ 3¢£ r aA 0 25 
Poa (le 
where 
and w LwyJ 
o g cos 0, + 7)’ sin e 
») ») 
, . en 2) 
A = M’'(e) — M,,(g cos 0, + 7)’ sin « aZ(6 
Q = (2a/wy) [—Z(6)o.M 17(8)o] 


IV) SOLUTION FOR LAUNCHING FROM REST 


It now remains to determine the constants from the 
initial conditions—i.e., the initial angle of attack, vp, 
and the initial angular velocity, Consider first 


the case of launching from rest from a zero length 


launcher with no wind. The effect of wind will be 
considered separately. Referring to Fig. 2, the initial 
velocity must be in the direction of the initial accelera 
tion which corresponds to the direction of the resultant 
of all forces acting at time / 0. From the figure it 


is seen that the initial angle of attack is 

J sine + Il’ cos 0 
tan ; . 

./° cos ¢ IW’ sin 0 


7’ sin e + g cos 0 
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To determine the second initial condition, y’ (0), refer to Eq. (7) and note that # = y (é) exp (— fog 
Ont / 5 Pr a It It 
2aé , : 2aé sas ae Dak 2aé 
i Zuoy exp (—§cé&) + g — (ay *) exp (—Sc&) + Z (6 “2 (os ) D6 
Ww / \ Ww Ww \ Ww 


For small values of /; combining Eqs. (2) and (3), integrating, and including the initial angular velocity, : 
q (Af’(e) + AL. /ad, It + O(f-) 4 q 


Hence for small values of & 
Dat - 7 ; 
Ts yeup (— cee) + [.\’(e) + MV,’a 


ve Yat ae 
4 vi = Vv oo? exp ( “.c) + 2(6 = 
\ am N — ay \ = ) ] ( ( \ : 


Expanding exp ((&) and solving for y’ 


: Bn” vi y M'(e) . M,,’ Z(6) oe, q 
y’(O) lim r go ]¥ 4 r r vu +t t rE) 4 


te 0 wW YE Wy wi oor = V Paw o_j 
W/Ze,’ . 3n Me) M.! Z(8)07 go 7 

r By +t r vo + lim 
5 Ww 2 Wi Wil Wh Wi) ti—0O Vv 2A wuk 


With the initial conditions specified, the complete solution may be determined. For this purpose it is necessar' 


to evaluate the particular integral at & 0. Expanding exp ((vé), cos &, and sin £, and making use of Eqs. (25 
(26), 
l | ; : ave 
Ig) 2 [-48 + 5 (A + $08) € + O(€)] r= 
= Wil ) 
T(0 -(28/aya) = Bo 0 
‘ 2 ; 2] JW’ Uv Z(6 v 
] (G) = (A t Cid) \/ T ¢ 
» » » 
AWol Ot Wel Wy Wy oa 
Comparing /’(0) from Eq. (84) with y’(O) from Eq. (31) [making use of Eq. (12) ], it is seen that y’(0 l'(0 
lim (qo V 2aye): Referring to Eq. (24), since J_1/,(0) —~ © and y(0) is finite, C. 0. Also J1,,'(0 
t—>0 
lin V 1/27é, hence C, V tr aay gq. The complete solution is then given by 
! 5 2 


— () 
‘ 


v(E) = y(§) exp (— Fok 
(—fok ‘ j 4 
exp (—¢(0&)|_. : ' ~ ; se 
= = sil £& M(é) €’° cos & dé — COs & ((é) €°° sin &€ d& F \ qo sin § | 
é « « aw 


In this form, the solution may include any arbitrary forcing function /(£) provided only that /(£) be integrable. In 


} 


the particular case where the functions 8, A, and 2 which comprise /(£) are constants, the form of the solution may be 


simplified. 

In computing /(£) it is noted that the indefinite integrals are not expressible in closed form. Hence the evaluation 
of them is most expediently obtained by graphical or numerical means. Since the quantities 6, [, and Q are pa- 
rameters, it is convenient to express the integrals in the form 


we & ~ + . . 
me exp (—(0&) § sing res ‘ ee COS § tah a ae 
v(E) = 48 : exp ((vé)E cos — dé — ; exp (Co&)E sin & dé a 
2,5 | t t 
=~ Wyol < « ba e 
sin & sae : cos & rey sin & , ae 
Q) % exp ((0§)E “cos € dé — exp (Ces) € °° sin & dé r A = exp ((0S)§ cos § dé 
é “ c e >” 6 
Ss s 
oa 
cos & ys Pee { 
exp (CoE) £ sin £ dé a 
gE“ « ; 4 


All of the above integrals are the indefinite integrals with the constants of integration taken equal to zero. How- 
ever, in order to evaluate them graphically or numerically, the definite integral must be taken. Before doing this, 
it is convenient to integrate by parts the first two integrals, and Eq. (36) becomes 
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j sin § exp (— (0g é oo 
t 28 c exp (¢ fig (c¢eCOSe= — SINE) de — 
mae al < « 
2~ 
cos § exp (— (vs . a sin € exp (—fvé 
exp ((0&) (o Sin € + cos €) d& | + A exp (Cos) COs € dé 
7 hal d 
- bd . + - s ve 
: COS ¢ EXp (— 60g 13 : ’ sin € exp ier 
=< 5; exp ((0§) § sin ¢d¢§ | + 2 . exp ((0g) & “cos € dg 
- i & bd 7 
COS § EXp (— 0g i \f _- 
exp ((0§) € °° sin & dé | Oo 
é P f 


The above expressions involving four different integrals can be reduced to a form involving only two integrals by 





20) noting 
| . 
exp (fo) & cos § dé = 2¢’* exp (fo) cos — — 2 | exp ((o&) & fo cos & — sin &) dé 
| exp (fc&) & “* sin E dé = 2E”* exp (CoE) sin & — 2 exp (Co&) & f sin € + cos &) dé 
Now define 
S(é) = & exp (—vé exp (CoE) &/* sin & dé 38 
eCessary . 
25) and . 
C(é g exp (— 60g exp ((0&) €“° cos € ag ov 
32 Collecting terms and making use of the trigonometric identities for the sum of two angles, Eq. (87) becomes 
| Hf) = (8 wa){—2 + 2 (1 + fo?) [sin (E + 2W) C(E) — cos (E + 2p) S(E)]} 4 
A wd v l + 0° [cos e+ y C(é) + sin (é 4 y S(é I} + (Q ‘Zana sin & C(é cos & S(£ 40 
where y = tan ¢ 1] 
(0) + With 3 determined the complete solution is known. From Eqs. (7) and (S 
(0 
g=v+(8/t) —Z at 3 — Z(6 at Voit 
ind integrating 
eo; 
Gg = | d dt 
) - 4? 
*s v(x — vy Z, Ox Raey £ 
= v-—-votr _ dx — Z(6 
) 
. 2s a ‘ 
le. In 
nay be rhe lateral distance measured in the z body axis direction is 
" i a . vs dx 
uation t= U sin (@ — 38)dt = —- 4— 
re pa- bs e Ww 
45 
Boe Z(6)o&° ae ‘Ta(x) — 0 Liu (x ; 
= =e — — dx dX 
‘ 2 5 Dw . 
wo Ww * Wy 7 0 wor Ww 
Eqs. (40), (42), and (43) completely describe the motion. Furthermore, it is noted that the integrals involved are 
lunctions of the relative damping, {, only. Consequently, they form a one parameter family of functions valid for 
any configuration once the relative damping is known. This being the case, it is convenient to separate the effects 
of initial angle of attack, aerodynamic forces, and thrust misalignment For this purpose it is convenient to define 
an the following functions 
(€) = 2(1 + fo") [sin (E + 2y)C(E) — cos (E + 2y)S(E)]] 
How- 
- this, f(E) = V1 + gfeos (E + yw) Clé) + sin (E + y) SUE : 14 
f (€ — sin E C(é — cos é S(E 
































786 JOURNAL OF THE AERONAUTICAL SCIEBNCES AUGUST, 956 
F2 620} 4G 
| fe.2 
229 500} 4 
£00, 
> } 
20 ~ Fae} 
S 
- 200, 
© | 
% on 
oO — Se ee 
£ Oo 2 ¢ € & £0 0 4 16 SP LO £2 24 “& 
ee see tiger tt tt $~ CALIANS 
PES EN Wid ¥saee Fic. 7 
7 e@ltoNL/ «Hla 2 
£ ~<AL/ANS 
Fic. 3. 
40, 


Ge) 














O £2 ¢ 6 & 0 10 HM 16 14 20 82 & £6 
§~ LALIANS 
Fic. 4. 














J 1 16 iM 20 £6 £4 £6 
§ ~ LADANS 


Fic. 5. 


Oo 2 g é ef 0 


/eo| 


0o| + Wy i 


gO 





2O aa 








(74 r-4 ¢ é f JO /0 *& /6 /8 £0 22 £4 £@6E 
§~ LALANS 
Fic. 6. 




















S-.t 
° / 
‘ Oo 
Tt y x YY * 
7 \ y \ 
(Vv ft SOE 2 venanl/ Maron 
¢ 4, &P NU /1@_. 4 \ 76 20 _\. £é 
rtt f A P 
\ f . 
eae | 
Ny + $~ LALIAKS 
Fic. & 
- 
AG 
fe.2 





2 
4 
~ 
ao 
¢ 
o 
Qo 
60°} 
~ 50} 
ve 
9} 
M 
a 7 
& 2O 
—<— 


hes 
s 
° =, 
4 
eo 
vn 
y~ . — 
rad a 
a weet 
4 - 
pt ot 
aE. 
~ a an \ 
ae : £ 
> wa 
i _- 
g é 2 > Pg ‘¢ 6 P20 J € 
F. LAAN 








£é 








DYNAMIC BEHAVIOR DURI 


Ser 


Ire 
| 
— —_= 
- 2 ¢ 
“ TO 
ier 
a 
r 
re 
ee a Renee 


bo 
Str 
—~ 
rr 


Fee = ] > 
F(t) = §€+ (1 snc’ G(é E 
Golf) = fol) + (1/2)go(E 


) 


[hese functions are plotted in Fig. 3-11 for f) = 0, 


0.10, and 0.20. Employing this notation, the solution 
is expressed in the following form. 


Distance along flight path 


Velocity 


Angle of Attack 


where Fug Fy (&) — (MQ,/wo) folé 


Flight path tangent measured from horizontal 


) v,] : é 4 ly é) + 
CAM M,Z(6 Z(8)o Z(6 
7 Py(é ly, (£)4 é tS 
5 uw an Ww Ww 
where 
Zz VW |! ees 
é Fé) 4 G,(&) 4 go(f) — Nf 
Pw a 
| L 
Pu(é go(£) - hy(é 
Z 
S ae c ; ba 
Distance normal to flight path (positive down 
U / € 
IT, (é Hy(t) - 
V/ Z\6 ‘ Z(6 & 
H1(&) + rs I] $4) 
where 
; PA ; V/ 
Hig F, é GE Hy(é 


W'(« 
) 0, + W0,(E) 4 — Oy (¢ 
f A(6 W,,Z(6) Z(6 
Hy (£ ‘ ie) 
where 
Oalé Felé Zu,/wo) GE / 
Owls Gelé L/w) Nel & 
Oo(¢ Ko s ~ rs uw u S 
In Eqs. (47)-(50), it is noted that the 
re. no ly, I", iH... IT y,, FI, ae Ov, and 0 


° ¢ * f.(f 
s , 
1c c = 1¢ 
—— at g — ae 
c 4 
s e Ss 
aa 
c c } < f cy) qt 
Ss s Ss s 4S 
* 
. 7a 
iS ‘ 
g(t) ae 7.(< g.(£) dt 
s s £6 s — s s 
. 
t ve 
£ ‘ 
k } 
.— ju > & } = - 
h(t) di t h3(&) dé 
* 
4 g E D\h 
1 4 Lilé GAs 2 1 '2)A 
. 1 ) b 
c I ¢ | *,(t) 4 
ad Ss O\s ~_ I\s 
} t » 
¢c = ¢ 4. | r(< 
Nels $ 1/2 £ 


quantities 


are func 


tions of the variable € and contain the two parameters 


VM, w and Zy,'w 


which depend on the configuration 


Che effects of launching angle and thrust misalignment 


ire contained in the quantities, a, do, 


effects of control surface deflection 
naniue moments and forces 


W(6 


and J’ 
or other ae rody 


are contained in Z(6 


€ Phe 


nd 
aliad 


Phe trajectory may be computed in terms of horizon 


» 


tal and vertical distances (see Fig. 3 
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VYeeounb 
A 
“4 
\_ = 
V, 
Ale 
Oo 
- &, 
ze 


IM 


Vie 
%, = ORIGINAL BODY ANS 
Wy = VLQOCITY OF ALC RELATE TO CEOUND 


Yaye= VELOCITY OF MIIILE LELATIVE JO Ml 
Fic. 12. 
1 re. 
h | sin y (x) dx | 


> (51 


| t 
d = COS Y (%) dx 


Wye 


(V) SOLUTION FOR Cross WIND 


Let the cross component of the wind be w’ and as- 


sume it to be constant. This corresponds to an initial 


o v(x Wi) ‘ 
de = Worn ad " €Cxp (— (et) COS X 
Jo 2x Pa 
= —d(&) + Uv - &@ AY Wo/ 2a ¢ ( 
where 
wf 3 
C-(é exp (— Cov) x “- cos x dx a6 
ee 
~(€) = exp (—for) x” ’* sin x dx 57 


Substituting in Eq. (54 


6 = —w,V wo / 2a [Ko + (Zy,/wo) C7(E) + S-(E)] (58 


Since the angle of attack 3 is measured relative to the 
moving air mass, the trajectory angle y = @ — # gives 
the direction of the velocity vector relative to the 
moving air mass. The trajectory direction relative to 
the original missile direction is then the direction of the 
resultant of the relative air velocity and the wind veloc- 
ity (see Fig. 12). 


, 


given by x = &/w , and the ground distance normal to 


The distance along the trajectory is 


the original direction of the missile axis is given by 
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Since the 
motion is linear, the solution to the homogeneous equa 


angle of attack, ® = w,/U. equation 


tion with this initial condition will account for the win 


effect, and this solution may be added to the solutio 


for other disturbances. 


jd = exp Coe) [Ci Si, (¢ CoJ £) | 
) exp E) (52 
Initial conditions 
d, = [w, UE) ], g(é 0 
if &; = O, i.e., wind exists at launch 
3, = lim [w,/U(é 


The solution is then 
v(E W, V ao/2aé exp (— foe) cos — 
[w,/ U(x) ] exp (— nox) cos ( 53 


With 3(&) determined, the trajectory can be computed 


From Eq. (7), restricting attention to the effects of 


cross wind, 


and integrating 


ia ee “ST H(A Zund9(x)] . 
9 = gdt = 8 —8o + : dx (54 


e « rb 2x Ww Jj 


Making use of Eq. (53) and integrating by parts 


| 

+ S~(E) | } 

c(é) = — sin (0 — &) dx -| wt 
Fé og 

= (% Vv Zaay) } C (é be Is (& T | 

fo + (Z,,,/o0) T--(€) — wWyV 2/woa &°"} 

Es 

where ise) = S-(x) dx 60) 
io = fi cw ds 
The functions S~(é), C-(é), 0(&), ¢(&), I.7(&), and 


Ts—(&) are shown in Figs. 13-16. 


(VI) NUMERICAL EXAMPLI 


The method has been applied to a representative 
missile with the following characteristics: 
U S00 ft./sec. 


Witietcn = 10 rad./sec. 
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a i M'(e T’mlye — GOO0e 
ge lw 1 aw 1 
«G25 lfl7 wag ogy 
oe “ Lr 10g 
Using these, and the values of the functions | 
S f,(£), ete., from Figs. 3 I, the ——a, Pe r., et 
Ss are computed and plotted in Figs. 17-19. Using thes 
~ plots, the variation of angle of attack, J, and angl 
\% missile axis over the trajectory can be computed fo 
Y any initial launching angle and thrust eccentricity. 
Ct typical trajectory is shown in Fig. 20. 
VII) EXTENSION TO FINITE LAUNCH SPEED 
F~LADIANWS The method outlined above can be extended to th 
Fic. 19. case of launching with a finite velocity ( Chis velo 
: ity corresponds to the value of &. 
Mc 0.002 ft. } 
M 0.001 ft. é yy U7 / 2a 69 
Lowy — ae The initial conditions to be prescribed are angle of at 
" Oh Lo) Tt. tack and angular velocity at launch 
Ca 0.20 
ml, I 0: 23;/tt. v VACUA 
M,,/ 0.16 g 1(&1)$ ; 
M'(6 0) 2 
Z 0.16 rhe corresponding initial value of J 1s obtained fron 
M46 Mg _* 
“a : 0.664 K 10 ‘ y) 
rhe “design ij ( ie » ae { 
Z'(6 Gi l 
lhe complete solution for the angle of attack is then given by 
UE exp Cot) [CJ & C.J 1/2(&) | 1(é,é \ | 
where 
800 TRAJECTORY a | i Leer 
AHALACCLLLLATION COLL ES - LEcw smite” VELOCITY. | a 
PONLING TO 10 GS THEVST TF | 
4L=.2 @.PGE7 pas ™ 
600 ia Mg =- O08/FT | Rtas FP a 
N Ly, =~ OOL/FT 
NY NN 20 Mag = - OOYET 
S + 
} a eee 
i gao w GOO O # 
N N © zs} 8 
S Ik 13]? 
© Ss Mg VELTIOAL 
= S S 40 x OUS TANCE Spm 
\ 200 ~, “I N RX ¢b | oe a 
~ N' R ~\ Le ae ee | + + 
oS —— 
X x Lp 
X  yANELE OF AT TALE 
Oo ab ag ao S Oo a ee aa ee 0 
Y 27 | SOO a ne es OS 
S | 
N KHOLLLON [AL LY TAME ~/ 7 
-J } 


wher 
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and 


With 


D 
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Spring 





DYNAMIC SEHAVIGCOR DURING ACCELERATED FLIGHI 
exp (—(ob)i . , *s e/9 » . ; *s 3/9 
tt | 7 ~ sin é | exp (fox) (Bx _ Ax !/? + Qx'’*) cos x da cos | Exp (CouX) (Ox . 
Zak oa Jf Jit 
Ax~'/? + Ox sin x ax | (66 
1S £ 
Pay et [he particular integral, /(£,£1), satisfies zero initial conditions, and the constants C; and C, in Eq. (65) are evaluated 
ng thes sutisfy the specified initial conditions of Eqs. (63) and (64). This leads to the result 
angle 
uted for H(t) = (&/E) exp [—So(E — &)] [Qi sin (E — &) + 9, cos (E — &)) + JE, 6: (67) 
“> qi Je ae Z(5), 
where a= + Vil fo + — (68) 
wo l ! Wi a 
ED and 
1 to th Sf, Ae) ie aslo , 
5 I(tf:) = doy1 — + (1 + fo?)a/> exp [—fo(E — &)][C(&) sin (& + 2~) — S(&) cos (E + 2y)] + 
IS veloc { 2 Vz 
a M,.\ cae. mS y ‘ : ee 
6 - f(&) — + Vit fix exp [—fo(E — &)] [C(&) cos (E + y) + S(é&) sin (E+ p)]> + 
- a Wi y) Wo Wo é 
le of at f ges Z(d)o  M(e) Ij, / mM ; 
V1 + a exp [—fo( — &)] cos (E — & + ¥) + si 4 J2h8) - Wits? \ exp [—f0(E — &)] X 
¢ Wo Wo c 
Ss Ss 
( . ; . M(5)o + Z(5)oM,, { t, ne ) 
C(é) cos (E + Y) + S(é) sin (E+ W)]et+ = Vf) — Vz exPl—SolE— i) [IC(Er) sin § — S(E1) cos &] 
Wo~ 
‘d fron ,. : — : ; ; : 
With 3 determined, the missile axis angle and the flight path tangent can be determined as before. 
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O: ALITATIVE photographic investigations of vortex structur 
occurring at transition are generally conducted for two dis 
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4Onte nts tinct purposes: first, to explore the dynamical properties 
artificially produced vortex systems in order to shed light on th 
y S in Pi Fl characteristics of vortices which may be observed in futur 
ortex Structures in Pipe Flow ; ‘ : 
< = studies of natural transition, and, second, t neentrat 
W. H. Wesp anv R. P. HarRiIncton 742 ae = pn Ace aeigcntaniay ems 
sively on natural or nontrip-induced transition so that 
On Inviscid Flow Near an Airfoil Leading Edge or an Ogive uniqueness of occurrence of a prescribed vortex structur 
Tip at High Supersonic Mach Numbers is . 
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rhe first course has been undertaken recently by Weske! at t 
On 7. laa Equations of a Very Slender Body University of Maryland, with the result that the motion of cert 
S » TOS : . . ‘ 
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. sition from introduction of disturbance to complete turbul 
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Schematic of trip-induced transition pattern showmg 
the effect of increasing disturbance height 
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2 Three-quarter view of typical trip-induced transitiot 
ucture. Flow in the pipe is from left to right 
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owever Hy } Disturbance Reynolds Number (flagged points) and 
of tra juare of disturbance height for critical vortex production as 
eae netion of pipe Reynolds Number 
| gh laminar Reynolds Number pipe-flow apparatus was con 
ructed at Rensselaer Polytechnic Institute. It consists prin 
__ illy of two large steel water tanks connected by a long straight 
br in. i.d. plastic pipe, flow being induced in the pipe by opening 
Ives on the downstream tank. The maximum Reynolds Num 
id, | er obtainable, based on pipe radius and mean velocity, was about 
For visualization of the flow, dyve was injected either through 
ke inserted in the front of the entrance nozzle or through a thu 
it in the pipe located some distance downstream of the inlet 
, Phe latter method provided a narrow band of dye on the bottom 
fe f the pipe which was suitable for visualizing wall-generated dis 
| turbances \ micrometer pitot tube connected to a_ bifluid 
—a ometer was used for measuring velocity profiles. Mean flow 
surements were made by use of a sight glass on the upstream 
mk. It was found that laminar flow could be produced up to 
— maximum Reynolds Number obtainable if the water in the 
i; tanks \ llowed to settle for a sufficient length of time before 
rting the flow 
lo introduce a velocity perturbation normal to the meat 
— llel flow, many disturbance elements of widely varying shapes 
used. Except for distortions in some cases, typical vortex 
— quences observed for all varieties of disturbances are shown in 
: Ig nd 2 rhe vortices are of the horseshoe type s dis 
? sed by Theodorsen 
=f ‘0 vortices were formed at Reynolds Numbers below a certain 
j OW valu For a fixed Reynolds Number above this lower 


1 show qualitatively the effect 
D of 


flow situation which occurred in 


tages A through D of Fig 


ing the height of the disturbance Stage this 





ng <¢ irresponds to the 


g. 2.) Small projections of the trip resulted only in the pro 


duction of a wave-like disturbance which rapidly died out dow 

stream For slightly higher trip heights, the sharp crests of the 
waves folded over, and horseshoe vortices were expelled Phi 
vortices were lifted in diagonal direction to the center of the 








pipe at which point their circulation was immediately dissipat« 
the vortices therefore losing their identity and laminar flow pri 
vailing throughout If the disturbance height was only ver 
slightly increased above that in st ige C, the vortices disturb 
the flow enough so that new larger disturbances were immedi 
ately created on the wall at the vortex ends. The shape of these 
secondary disturbances was not clearly defined; however, the 
were of such strength that, downstream of their occurrence, the 
flow was in a thoroughly mixed turbulent condition 

Following these qualitative studies, an attempt was made t 
measure the disturbance magnitude necessary to produce the 
stage of flow described above for different Reynolds Number 
\ ‘disturbance Reynolds Number’ Rp, as suggested by Theodor 
sen,” was used as a measure of the disturbance intensity It i 
based on the square of the disturbance height and the lo 
velocity gradient Fig. 3 shows the results of this invest " 

lo obtain these curve variable height trip was insertec 
into the flow at the wall. The trip was raised until, at a certai 
critical height Ay, it was observed that the horseshoe vortic 


were of sufficient strength to induce transition (last stage of Fig 


| Fig. 3 shows the square of this height Ay, necessary to pro 
duce transition, as a function of pipe Reynolds Number. For 
each point, a wall velocity profile was measured slightly down 
stream of the trip before raising the trip, and the products of the 


the wall 


ind 
is the flagged points of Fig 


slopes of these velocity curves at the disturbamn 


heights squared are shown 


rrips of three different diameters were used namel , lon 
ind 1/8 in. machine serews and 1.038 in. diameter wire Phe 
octagonal points and the crosses represent data for the last two 
diameters, respectively \ll other points are for the 3/16 in. tri 
It is noted that the points for each diameter fall generally on the 
same curve The difficulty in curately measuring velocit 


profiles near the wall of the pipe is probably the cause for the small 


scatter observed in the curve for Rp 


\s an attempt at establishing the uniqueness of prescribed 


vortex system in the transition process, slow-motion photograph 


1,000 frames / sec were taken of the turbulent burst which 
occurred naturally in the pipe at higher Reynolds Numbers Phe 
burst was visualized by the smooth injection of a band of dye 


upstream of the viewing section. A typical sequence of events ts 
in Fig. 4. The 


ati =U 


shown first picture represents the undisturbed 


laminar flow Che next three show the development of 


the turbulent plug Phe vortex-like motions which appear at 
the wall in these figures are not clearly defined, but it is hone 
eT ead 





Fic. 4. Transition sequence without trip at Reynolds Numb 
f 5,000. Flow is from right to left rime ¢ in sec 
0 lL pper richt)t 03 Lowe? ‘ani 0.5 Lower right 
{)} 7 
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that further photographic improvements will elucidate their 
basic structure and thereby enable a determination of the unique 


transition vortex configuration for pipe flow 
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On Inviscid Flow Near an Airfoil Leading Edge 
or an Ogive Tip at High Supersonic Mach 
Numbers* 


Abraham Kogan 
Department of Aeronautical Engineering, The Technion, Haifa, 
Israel 


March 23, 1956 


SYMBOLS 


x,y = Cartesian coordinates 

R,@ = polar coordinates 

u = velocity, in units of limiting speed 

u,v = components of w in x, y or R, @ directions 
= VIO — 1)/2)(1 — xz 

Vv = a Crocco stream function 


* Part of this work was sponsored by ARDC, USAF Contract AF61(514) 
870 
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FIG.3.— PRESSURE COEFFICIENT ON BICONVEX PARa- 
BOLIC AIRFOIL T/C=0.1, M210, «=0° 


S = entropy 

ratio of specific heats 

specific heat at constant volume 
Mf free-stream Mach Number 


(1) Two-DIMENSIONAL FLow PAST AN AIRFOIL 


A CONVENIENT Starting point for the study of high supersonic 
flow past airfoils is offered by the use of Crocco’s strean 
function,' defined by 

Vv, = u(1 — w)'/(7-D, W, = —v(1 — w?)!/(y-! 
since the flow equation 


(c? — u?)W,, — 2uvV,, + (c? — wv )Vyy = 
(1/27) +D/¥-D (dS/cdv) (2 


w? — c?)(1 — w’? 


satisfied by it is exact for rotational as well as for irrotationa 
flows. The treatment of Eq. (2) is complicated by the fact 
that dS/(c,d¥) depends on the form of the shock wave whic! 
itself is an unknown of the problem. It can be attacked b 
successive approximations, taking the flow behind a plane shock 
wave as zero-order approximation. The shock-wave profil 
obtained in each step is used to determine the differential equa 
tion and the boundary conditions of the next one 

When the solution of the first-order problem is used to calcu 
late, at the leading edge, the ratio of the curvatures of the shock 
wave and airfoil and the pressure gradient on the airfoil surface 
results identical with those given by Cabannes? and Kraus 
are obtained 

The second approximation has also been calculated by th 
above method. Figs. 1, 2, and 3 show a comparison of results 
thus obtained with those obtained by the method of character 
istics* for flow about a 10 per cent thick parabolic biconvex air 
foil placed symmetrically in a uniform stream at 1/ = 10 an 


M= «a 


(2) ROTATIONALLY SYMMETRIC FLOW PAST AN OGIVE 


Shen and Lin} investigated the flow behind an attached shock 
wave at the tip of an axisymmetrical body by perturbing the 
Taylor-Maccoll flow, using the usual form of the continuity 
momentum, and energy equations. Their first-order-approx! 
mation velocity components, when expanded around the cone 
6 = %, tangent to the ogive at the tip, contain terms in log(@ - 
6) which cause complications. Because of these terms, the) 
were unable to establish the validity of their first-order results 
when the ogive is convex. The initial pressure gradient at the 
ogive surface seemed to be infinite, although solutions by char 
acteristics give no such indication. The logarithmic singularit} 
also implies that an ogive of analytic profile would generate ¢ 
shock wave of nonanalytic form 

Applying to the same problem his hypersonic small-distur 
bance theory, Van Dyke® found that the approximate expressions 


for the velocity perturbations contained a 1/2-power brane! 
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t@ 4, but no logarithmic terms. Van Dyke conjectured 


} } 1 


kelv that a singularity could have disappeared as 


f pproximation which seems to retain the sential 
f exact solution, and he concluded that the singu 
f by Shen and Lin arises from the asymptotic repre 
1 the olution and pr ibablv does not exist phvsi ills 
ion is borne out by the exact treatment of the prob 
the use of Croceo’s stream function for sVinime 
Phe stre function, defined by 
| R in A 1 | 
| y ] { 
Lath 
| 2u0V po V R 
2 cot 9) sin 41 
» j 0 | 1. aw t 
| 4 ( ic # “4 i ZCT raer ipp \1 11 
expats for the shock-w ri T give pt 
) 1 ti t W can be evaluate It I 
pl atk youndar conditions Coordinat 
y cessary for app mmations after the first be 1 
g rit t the ty 
I rder luti for W « tains } 2-power bran 
A d, therefore 2-power in the velocity « 
t garit tern ppear in t rst-orde! 
rturbati Phis confirms the correctn f \ 
; ti thi rdetr I tangen +3 
determine the ratio of the s k-wave give 
l s t-order formulas for stre functi 
i curvature rati ld r bot cave 
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On the Boundary-Layer Equations of a 
Very Slender Body of Revolution* 





r Institute for Fluid Dynamics and Applied 


Research Professo 
Mathematics, University of Maryland, College Park, Md 

pril ¢ 195¢ 

RF" HIGH-SPEED guided missiles, the study of hypersonic 
viscous flow over a body of revolution would be of great 

nterest. At hypersonic speeds, the boundary-layer thickness 1s 


nuch larger than that at lower speed, and the proper radius of the 
body should be smaller than that for lower speed flight. As a 
result, the boundary-layer thickness may be of the same order of 
magnitude as the radius of the body of revolution. The bound 
ry-layer equations are different from those for which the radius 
*This work was supported by the office of Scientific Research, ARDC 


A F18(600)993 


ler Contract 














of the bodv is much larger than the thickness of the bound 
laver Phe well-known Mangler transformation’ cannot be 
used in the present cast In this note, the author discusses t 
boundary-layer equations over body of revolution of ver 
small radius and their transk . 7 equivalent 
dimensional problem. Recently tein and Elliott? used t 
same transt this probk but t du 
notice that th yuati ( be tr formed 1 
exachy The dimensional equati whi 
the essential po 
Phe boundary-layer equations of tead xiall t 
compressible fluid flow overt yon f rev iti \ eT 
of the same order of magnitude as the thick ft 
cI r¢ 
Upuv Vd J 2) { 
) ) JA J) d\ 
Vv 2) JV r ) ) 
) 
DIT / ON OHO 
Op Ox l d/O7 yi 190 ul(O ) } 
Ix * 
wiiere ind Vy ré re HNeclrive the dist ct ,’ ci 1 " ail 
ular to the axis of revolution of t bod Here d re the 
\ nd y-velocity ¢ ponents, respectis is the d it 
the pre ure 7 the absolute t¢ perature, w the coe cient { 
viscosity, // enthalpy, C,, the specific t at ¢ 
tant pressure ne the « fheient of ther l conductivi 
Now we introduce t following tr for t1 
. > 
' ( y a 
‘ J0 / 
( 
p ji r \ 
Kms H=H 
where yo(x) is the radius of the bod f revolution which 1 
function of 4 y ist stream functi which is defined by t 
following relations 
Oy / O% puy, Oy, Oo py 7 
L is a characteristic length, which may be arbitrarily ¢ ‘ 
wccording to the convenience of the problem. We define t 
velocity components #@ and 7 in the plane follow 
Oy O71 f Oy OX Ss 
Phen Opt; OX re) 2) ( S 
From Eqs. (6 7), and (8), it is easy to show th 
{ { \ yl L/y\(d9/day “4 
Substituting Eqs. (6) and (9) into Eq. (2), we have 
p| ul Ou, Ox t Ou OV 
Op/OxX) + (0/OF)[u*(Ou/O 10 
' 
were 
a” M l T 27] Yo" 11 


define function S such that 


S=1- {(H+ 


Now we a temperature 


1/2)u?)/[H, + (1/2)? 5 12 


where subscript 1 refers to values at some reference point e.g 


+ §, 6 being the thickness of the boundary layer 


atx = ~,y=y 
Substituting Eqs. (6), (9), and (12) into Eq. (4), we have 
p|u(oS/dX) + P(0S/ OF 0/OV)|~*(05/04 13 


where the assumption ?, = 1 has been used 

Our fundamental equations are then Eqs. (5), (8a), (10 
13) for the variables f, a, 7, and S with given yo(*) and p(x 
These fundamental equations are identical with those of the two 
Hence the method of solution for the 


dimensional case may be used to solve this axially symmetrical 


dimensional case two 


problem; particularly if von Karman’s integral method is used, 


the viscosity » (not ~*) will remain in both the momentum in 
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tegral and the energy integral equations because 

A y 0 Ki, 0 14 
The momentum and energy integral equations are identical to 
those given in reference 5 
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Similarity-Rule Estimation Methods for Cones 
and Parabolic Noses 


Richard D. Linnell* and Jerry Z. Bailey? 
Convair, Fort Worth, A Division of General Dynamics Corporation 
March 28, 1956 


INTRODUCTION 


RF PRELIMINARY DESIGN ESTIMATES, simple prediction pro 
cedures giving moderate accuracy are needed. Analytical 
methods are needed for inclusion in electronic computer pro 
grams in order to determine a first estimate in iteration pro 
cedures 
obtaining characteristics of inviscid supersonic flow about cones 


Graphical and analytical procedures are presented for 
and parabolic noses. Large-scale graphs can be constructed using 


the equations 


* Formerly, Project Aerodynamics Engineer, Convair Now, Engineer 
General Electric Company, Schenectady, N.Y 
t Technical Analyst 
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Fic. 2. Cone surface pressure coefficient 
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Fic. 4. Parabolic-nose wave-drag coeflicient 
CONES 
In electronic-computer solution of the Taylor-Maccoll equa 


tions by iteration, an analytical first estimate of the shock angl 
is needed. Reasoning based on the limiting values of the shock 
angle led to the equation 


VW sin 6 1 + cos 6 = G(8 sin 6 


where @, is the shock angle, @ is the semiapex angle of the con 
B= WV M 1, ./ is the free-stream Mach number, and G is 
function of 8 sin 6. Points obtained by using 6, values from the 
M.I.T. cone tables! have a scatter of about 5 per cent as shown it 
Fig. 1. The curve shown in Fig. 1 was obtained by selecting 


function of 8 sin @ to fit the points. The equation is 


1/2)(y¥ + 1)(8 sin @)? 


VU sin 0, = 1 cosé+ Y1 4 


The limiting value for a large 8 sin @ corresponds to the result 
of hypersonic slender body theory 2 The correlation was 
checked only for y, the ratio of specific heats, equal to 14 
Eq. (1) does not satisfy similarity rules, but the similarity concept 
was used in determining it 

The surface pressure coefficient and the wave-drag coefficient 
using base area are equal for cones. Similarity-rule correlations 
have been published* for these characteristics. The M.1.1 


cone table was used to obtain the values of the pressure coefticient 


C,, shown in Fig. 2. The fineness ratio f is the axial length 
divided by the base diameter. It is related to the cone semi 
angle by f = 1/(2 tan 6) and VY f? + (1/4) = 1/(2sin@). The 


correlation is within 10 per cent except for Mach Numbers ver) 


near shock detachment. The fitted curve in Fig. 2 is defined b) 


f? + (1/4)|C, = 

_ vss | 
(2.5 + 4[8/V fF + (1/415 /314+ 8 [a/R 4+ /))) 2 
The equation is as accurate as any correlation line that could be 
drawn. It should be used for graphical procedures for consist 


ency 
PARABOLIC NOSES 


Pressure distributions and wave-drag coefficients for ogival 
noses were presented in similarity form in reference 3. At 
exponential equation for the pressure distribution was givell 


Some pressure-coefficient distribution points for paraboli 


noses are shown in Fig. 3. These values were obtained by 


second-order theory* and hypersonic slender body theory.’ 


linear fraction was used to fit the points: 


(f2 + IC, = (A + Bx) /(1 + Cx) 3 
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re y is the fraction of axial nose length and itive frequencies of 
maximum load of the load cycle 2) The rate of crack proj 
2(8 f2? + ] 1 + 16(¢ f2>+ ] . : ' 
V V gation is practically constant for a large part of the life ; 
1 Pe A 1 7/8 n j , ; a 
, 15(8/% (B/N I ( 4 Lines of constant life on the alternating load - mean load dia 
613 f l 5+ 4(8 f2 + | rram are of the same general shape as those obtained for notched 
§ I 
1 ' e aluminum-alloy specimens 4) In general, the fatigue life of th 
a he « ration OF the equation Is less than 5 per cent of the : : 
; 1 structures corresponds with that of a simple specimen possessing 
Ss k pr ure coefticient at the apex of the par ibolic nose The . . - . . 
4 - ' a stress concentrator having a theoretical stress-concentratior 
© mputed points are within 5 per cent of the values for ogives ‘ , 
‘ , factor of about 3 5) The logarithmic normal distribution is 
g ' »y the method of characteristics in reference 3 rhis Gani en es 
e) 7 , , P y 1 approximatio1 » th I ney distribution of fatigue 
: .) tes that either the method of reference 3 or the above pro BOot' SpPrommiarse tM e Irequenc : Uno 
. P : 6 a given val preload, the relatiy ner 
used to make preliminary estimates for bodies of life For - ca Valle OF pret sollte = , 
; . fatigue life is a function of the maximum load of the cle on 
ogival or parabolic shape rhe algebraic function given - ss : : ; 
4 nd rogressivelv increases as maximum load is decreased 
is Sil r than the exponential function of reference 3 ind it progressively increases as the maximum load ts deer 
' 1 P . , until failure occurs, finally, in the surface of the 
The parapvolhe se Wave-drag coeihcient Cpy Is shown a : : 
: — 24 structure 7) There is an optimum value of preload—name 
g rhe fitted curve is defined by the equation : Ji , 
85 per cent ultimate failing load —which produces a maxunum re 
t 
“pw itive increase in life 
1.9(B/V f? + 1 5 
CURRENT PROJECTS 


uracy of the equation as a correlation line is not as good as 
the computed points rhe equation is about Further programs of tests on Mustang wings designed 
vestigate cumulative fatigue damage and methods of service lif 


nt low when 8/Y f? + 1 is near 0.5 These results for 


estimation are now 1 progress 
sth under actual 








> 0 er ct l n { 
rabolic noses check with the wave-drag results of reference 3 
for the two points it gives for A = 1//f equal 2 for ogives In one of these, the fatigue streng 
Since tl ressure distributions do correspond for A equal to 2 is being determined by subjecting the wings to a fatigue test d 
ypears that the present values are correct signed to simulate the complete gust loading history expe 
enced by a transport aircraft during normal operation 
REFERENCES , : 
a one Ihe gust-velocity data being used have been 1 on counting 
1 equ 
ck angk “ = . ii ' a Rept. No. I, Com iccelerometer records obtained from a De Hav id Dove air 
_—— ng Section, Center of Analysis, Dept. of Electrical Engineering, Massa ; ’ . , 
he shocl craft operating in Western Australia For test purposes, thes« 
ne SHO setts Institute of Technology, 1949 . ‘ 
| rs. A. J.. Jr.. and Savin. R. 1pproximate M Calculatir data are represented by i set of eleven positive nd eleven neg 
Bodie Revolution at H Sut ic Airspee tive loads, all of different magnitude and of appropriate relative 
| | 
CA TN 2579, December, 1951 frequency and applied to the specimen in a random manner b 
} Ehret, D. M., Rossow, V. J ind Stevens, V. I 1 1a i th ‘ 2 | _ 
he cone : H e su 2 Pe aA a ; random loading device which controls a hydraulic loading rig 
nd G is | rol t al Zer j Affa NACA TN 2250, December To date, one specimen of this program has been tested to de 
I pros 
rom the | ” struction 
I ‘Van Dyke, M. D., Pract: dlation Se td-Ord Supersonic Flow 
bie B I NACA TN 2744, July, 1952 In a second program, the gust load spectrum is being replace: 
ecting by three loads only, the loads being appropriately grouped aroun 
the maximum damage load and being applied according to 
Q rt é 
a2 (1 + programed sequence and with relative frequencies such that the 
each contribute an equal amount of estimated damage 
e resul ° . 
In conjunction with the basic fatigue data already obtaine« 
from the completed ‘‘constant amplitude’ project, the results « 
tests will enable various theories of cumulatiy 
In ad 


ym Was . . 
A Note on the Fatigue of Wings 
the current 
damage to be explored for the various types of failure 


iccuracy of current method 


to 14 
concept s 
ficient C Officer, Aeronautical Research Laboratories dition, it will be possible to assess the 
Dep upply, Melbourne, Australia of life estimation 
‘lations = P : 
f Details of, and results from, both the completed and _ the 
current projects will be published in a comprehensive series of 
\eronautical Research Laboratories 





M.L.1 
ficient 

COMPLETED PROJEC1 reports to be issued by the 
tests has recently been completed at the 


length 
semi- | A“ RIES OF fatigue 
\eronautical Research Laboratories on 90 P51-D Mustang 
+ 


The 
rhe structure of this mainplane is regarded as be 
4ST aluminum 


unplanes 





rs very 
sil e ing representative of a large class of riveted 2 
loy wings, and the project has provided comprehensive infor 
ition on the fatigue characteristics of such a structure Erratum—‘‘On the Method of Averaging 
{ 2 rests showed that the effect on the fatigue characteristics of Stagnation Pressures’’ 
uld be | the var ing service life experienced prior to test by some of the 
onsist wings used was negligible. Consequently, all the test results Raymond L. Chuan 
have been pooled, and, further, since both port and starboard Research Associate, Engineering Center, University of Southerr 
halves are practically identical, a half wing was taken as the unit California, Los Angeles, Calif 
pecimen lune 5, 1956 
ogival fests were carried out at load ranges which covered all alter 
An — vad and mean-load combinations of practical interest  _iaaaeaaa 7) should be corrected to read 
sive. | \t least six specimens were tested at each load range so that the 
ahelle resulting data could be treated on a statistical basis Pe ae 
+ lhe results obtained have led to the following general con aa : 
. clusions 1) Several distinct types of failure occur, their rel 
P| REFERENCI 
: he author acknowledges the permission of the Chief Scientist, Depart Chuan, Raymond | Journal of the Aeronautical Scien Reader 
nt ol Supply, Australia, to publish this note Forum, Vol 23, No. 4, pp. 378 9, April, 195¢ 
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Turbulent Boundary Layer at M = 3* 
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SUMMARY 


furbulent recovery factor and heat-transfer measirements have been 


made on a porous flat wall section at a nominal Mach Number of 3.0 and a 


Reynolds Number of approximately 4 10° using both air and helium as the 


transpired gas Measured heat-transfer coefficients correlate well with the 


compressible theory of Rubesin' for air and qualitatively with simple film 


theory for either coolant, indicating that the heat transfer from a turbulent 


houndary layer can be reduced by transpiration cooling to well below that of 


the uncooled boundary layer at the same Reynolis Number 


INTRODUCTION 


Ww" THE USUAL solid-wall boundary condition of zero 
normal velocity is replaced, fora porous wall, by one of 
finite normal velocities, it is to be expected that the properties of 
the viscous boundary laver associated with a convective flow over 
the wall will be affected. The distributions normal to the surfac¢ 
of such descriptive variables as velocity, temperature, and con 
centration of foreign gas may be modified strongly if gas is intro 
duced which has markedly different kinetic and thermal properties 
two 


from those of the free stream gas. Of practical interest are 


possibilities: 1) the rate of heat transfer to the wall may b, 


reduced to a significant extent by a small mass flow of transpired 


) 


gas, and (2) the laminar stability of the boundary laver may be 


improved. Experiments on the first possibility for a turbulent 
boundary layer in a supersonic flow are reported herein 

Theories have been presented for statistically steady turbulent 
boundary-layer flow including the effect of finite normal velocity 
it the wall. Film theory? involves such crude assumptions that 
it may be accepted only qualitatively, but it displays the effect 
of mass diffusion in a simple manner whereas the more refined 
inalytical estimates based upon mixing-length theory are 
ivailable only for the case of air blowing into air 


\PPARATUS, TECHNIQUE, RESULTS, AND DISCUSSION 


\ 7- by 1.5-in. porous flat plate constructed of sintered stainless 
steel wire was set into the straight wall in the constant-pressure 
section of a 1.9- by 1.75-in. asymmetric supersonic channel with 
The 


laver was known to be turbulent from previous experiments 


its leading edge located 7.5 in. from the throat boundary 


rhe nozzle block, made of a fiberglass laminate having low ther 


mal conductivity, was machined to contain a coolant stilling 


chamber. Thermocouples, 0.0031 in. diameter, were carefully 


installed in the porous surface (Fig. 1 shows Teflon plug, wires, 


ind final welds) and suspended throughout the coolant stilling 


Pinis research was sponsored by the Office of Scientific Research of the 
ARDC, USAF 600 


+t The authors wish to acknowledge their indebtedness to Mikelis Ge 


under Contract AF 18 1226 


istauts 


for his work in the installation of the thermocouples 
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chamber at 1-in. intervals Provision was made to 


porous surface electrically and to preheat the inflowing ga 
With zero electrical power input, the temperature of the tr 


pired gas referred to as the coolant iuthough in these te 


ictually preheated) as measured at a point in the coolant stilli 
chamber was brought close to that of the wall as measures 

corresponding point on the wall, and at least three diff 
1 7. at each location for each coolant mass flow wer: 


versus 7°,./7 
both air 


permitting interpolation for 7 it 7 ] I 


results for and helium are shown as recovery { 


versus coolant mass flux ratio (p pv), the subseri 


ferring to free-stream values (Fig. 2 Individual thermocouy 
pairs, indicated by flags on the symbols, show considerab! 
rhe 


factors for air 


scatter than does the whole set faired curves repr 


average temperature recovery ind helium 


average Reynolds Number of about 4 X | 


If it is assumed that the temperature of the coolant on e1 
gence equals that of the wall, the heat balance for the por 
surface in a certain internal control volume can be writte1 


pic,)-L + de = St 


plc 1 i t pve 7 


where the terms on the left give heat added by coolant convecti 


and by electrical heating and the terms on the right give he 


removed by outer boundarv-laver convec tion, coolant convectior 

















radiation, and extraneous heat loss, respectively For sever 
practical reasons, 7 7, was minimized during the tests 
Normal emissivities were measured through the use of a tot 
¢ 
s 
(pv 
‘ 
2 
. or a2 os ae os 
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I tion pvrometer and found to be 0.44 for the porous surface 20} 
| 
| 44 for the opposing plastic nozzle o090 05 
4x io® Stant umbers were computed from an average of five . 4 oe0e* R, 8 
j ken in the central 5-in. segment wherein there were 20 ey Ore o 4 
Herc | Q 7 — u 
VU r ' 1 i] . ~) “I > 
Variations of local surface temperatur porosity ° O9 . 
slant ) distri wl “o° ° bd 0 off 
; a “7 — 
! yresented in Fig. 3 as relative to the zero blowing Be _ et 
] two ifierent ¢ Ss, open d sold nbols @ ad 
bilit is | th Rubesi 
; t t for étnwey ° od oP 
( Lod ific cco ( 4 a 
4 < fraction concentrations of helium at the w 
= es 
t-transfer surements show that rong " @°9%, ¢ 
x — ac a? aS 
I g effects in turbu it boundar cr | Ss! 4 So »3 2% 
f ” () d 7 l ee nr cing heat 9 
waa t i , ‘ ‘ + 
} h ] ry ° 
ninar value t the higher blow elocitic bs 
the fact that the limit of relative coolant rate ‘ v 
required to effect a given relative Stanton number ra 
06 that reduction vanishes, 1s about 5, which is also the 9° g 
rse ratio of their specific heats, but that this ratio appears to ’ 
ith mere ised blowing eens . : . : 
re preliminary to porous cone studies , 
I 
REFERENCES 
t Morr Mw | Analyt Estin t I 
Hea : 1 S Fri Charact Revond the initial mixing region, the decay of the turbulent 
B ry La NACA TN 3341, December, 1954 energy seems to follow the linear v predicted for the initial 
ur Mickley, H. S., Ross, R. C., Squyers, A. I ind Stewart, W. E., H , 
; , period = of isotropic turbulence 
t f VJ c n 1 I } Plat } 
+ ith NACA TN 3208, July, 1954 ] { a 1 
Dorran William H., and Dore, Frank J Effect Va 1 
CU Turbu B la Layer Skin Fricti ; Heat However, this is not conclusive because the correlation betwee 
Here Journal of the Aeronautical Sciences, Vol. 21, No. 6, pp. 404-410 the data and Eq 1) over the short range of initial decay 1 
states i difficult to ascertain rhe congruence of the slopes of this d 
don, B. M., and Scott, C. J.. Measurement of Recovery Factors and : cae *: 
. | ; a aa ae Soe er eery weer ee with the slopes of known tsotropic dec ines would provide 
VW 01 , { } Helium as ¢ lay Univ. of Minnesota more sensitive test 
nt Aero. Lab. Rep. No. 126, 1956; and AFOSR-TN-56-94 AD Ratchelor and Townsend* suawested that. hk ne of the 
mite : decay (as well as the initial git f the turbulent energ 
is related to the screen pressure loss as follows 
pr 
t a nt ¢ “ 
> 
lo verify this, it is necessary to estimate the drag of the 
noeme! screens as a function of solidity and Reynolds Number Phi 


— The Decay of Turbulence Near the Critical has been done using data of references (1) and (3) at low Re 





Reynolds Number nolds Numbers and of reference (4) at Revnolds Number bove 
1,000 (bevond which the screen pressure loss appears to be « 
ee stant with increasing Revnolds Number Phe Revnolds > 
vectt a we ‘ . ae . . 
ber variation for screens of 1 sO.nditt ippears to be similar 
heat ' y - 3, Los Angele , ; | “~. brs hd ton : 
Row 105 within experimental accurac that kk e ¢ 
3 19 
vectic aii | 1 Ids > 
Estimating the screen drag with correction for Reynolds Nut 
scy } } ) -~ 4 1 - > 7 
sd ber, the constant of Eq. (2) is 105, 103, and 35 for Reynolds nun 


tests EASUREMENTS of the decay of turbulent axial velocity nak : ; ar : 
; } bers 173, 120, and 98, respectively Batchelor and Townsend 


tot a fluctuations close to the generating screens at low Rey é ‘ ld be 1 ; E ; I ; : 
: = , suggested it should be 100 from their data n addition, the 
ls Numbers are shown on Fig. 1 The data were collected “i 





of reference 5 vields the following value 





' t constant mean velocity and variable density A 20 mesh per 
).0165-in. wire screen was used. The hot-wire anemometet Average value of decay constant 109 
resistance type) was calibrated at each tunnel pressure Range of Reynolds Numbers 1.GO0 to 5.00 
etween 18 and 8 Ibs. per sq.in. absolute It was found to Range of screen solidities: 30 to 55 per cent 
| perate satisfactorily in conformance with predictions Total number of tests: 24 
It is interesting to observe whether the decay of turbulenc« Spread of slopes ref. to average +9 per cent 57 per ¢ 
se to the critical Reynolds Number of the screen continues to Spread of decay constants ref. t vera ge 192 per ¢ 

} it the established behavior of isotropic turbulence behind screens —30 per cent 





Reynolds Numbers 


lhe decay curves on Fig. 1 exhibit a noticeable irregularity near rhe scatter in the values of the decay constant ts one half of 


‘ ° . h s t} slones his does indicat » bask Or ctness 
€ origin The evidence is that the level of fluctuations in the seatter mn the slope Phis does indicate IC COTTE I 
| , , , , of F ) | : oe ee wwpears to be consistently b 
eases in that region. A similar occurrence, although over a f Eq. (2 Phe average constant appear »s —— ‘ 
: tween 100 and 110 rhe decay at the lowest Reynolds Number 


uch longer scale, was observed by Schubauer et al! in the cas 








| tT some screens which they labeled ‘‘abnormal."’ These authors shown on Fig. 1 appears to be definitely outside the gener 
im iggested that the abnormality was associated with large-scak model 
es in the sereen; the present phenomenon may be Phe physical picture of this w —— ined by tne use OF & SMOKE 
— sociated with the small-scale irregularity of the flow tunnel. A grid of 3/16-in. rods at 50 per cent sol ws " — i 
os mmediately downstream of the screen. One guess is that it is the purpose It was observed that, above Reynolds Numbers of 
the order of 100, the von Karman vortex patterns shed fron 


ue to the instability of the jet-like structure of the flow 


the evlinders break down violently approximately five mes 


* Assistant Professor of Encineerins lengths downstream of the grid Below Revnolds Numbers of 
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100, the clearly visible vortex sheets do not break down but 
Reynolds 


Numbers of the order of 60 correspond to the lower limit of vortex 


proceed independently until they decay by viscosity 


shedding 

The conclusion of the present observation is that the lower 
limit of turbulent field, generated by the breakdown of vortexes 
shed off the grid, occurs around a wire Reynolds Number of 110 
and that the decay of the turbulence closely approximates iso 
tropic decay even at this lower limit. Below this limit, the field 
cannot at all be considered turbulent in the sense of random 


fluctuations 
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The Optimum Distribution of Lift in Certain 
Prismatic Regions at Supersonic Speed* 


William W. Willmarth 
Consultant, The RAND Corporation, Santa Monica, Calif., and 
Research Fellow, California Institute of Technology, Pasadena 


April 12, 1956 


pense Jones! has given criteria which identify the ar 
rangements of lift, side force, and volume elements in a 
three-dimensional region that will have minimum drag when the 
total lift and volume are specified. These criteria are the follow 
ing: 

In superimposed forward and reversed flow, with a fixed lift 
distribution, the sum of the downwash velocities should be con 
stant throughout the region 


Ws tT W,; const (1) 


the sum of the sidewash velocities should be zero in the region 


vp TU, = OU (2) 


ind the streamwise gradient of the sum of the streamwise pertur 
bation velocities should be constant in the region 

us + U,)/OX = const (3) 

A class of simple examples that satisfy Jones’ criteria can be 


obtained by placing end plates on flat plates of constant chord 


* The results presented in this paper were obtained in the course of 


duties performed for The RAND Corporation 
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With supersonic edges First consider a two-dimensioua! {] 

plate wing with leading edge normal to the stream. As shown 
by the Ackeret theory, the wing produces a uniforim lift dis 
tribution on the plan form In reversed flow, the same unifort 
lift distribution will be reproduced if the angle of attack wit 
In addition, the Ackeret 


theory also gives a constant downwash velocity in that porti 


respect to the air stream is the same 


of the flow field bounded by the Mach waves from the leading and 
trailing edges. In superimposed forward and reversed flow, t 

regions bounded by the Mach waves from the leading and trailing 
edges have a prismatic region in common which extends to in 
finity in the spanwise direction and includes the wing. This 1 

gion, R, is shown in Fig. 1 In the region R, the perturbatior 
velocities in superimposed forward and reversed flow. satisf 
Thus, the two-dimensiona 


lr 
i! 


Jones’ criteria |Eqs. (1), (2), and (3 
flat-plate wing produces a flow field which has minimum ¢ 
due to lift for a given lift distributed in the infinite prismati 


if 


region R 

A region of any length desired can be obtained when end plates 
are placed on the wing. If infinitely large end plates are placed 
parallel to the stream at two spanwise stations, the combined flow 
field will be unchanged. If these end plates are reduced in size 
until they have the diamond shape defined by the Mach waves 
from the leading edges in forward and reversed flow, the com 
bined flow field in the region R will remain unchanged 

Thus, a uniform flat-plate wing, normal to the stream, of arbi 
trary span with end plates aligned with the stream and cut off 
along the forward and reversed flow Mach lines from the leading 
edge produces minimum drag due to lift for lift distributed in the 


prismatic region enclosed by the end plates (see Fig. 2 Th 
drag is the Ackeret value 
Ch (3/4 C,? } 


based on the plan-form area 

This result may be immediately extended to swept, flat wings 
With supersonic edges by the use of sweepback theory.? Con- 
sider a uniform flat wing, sweptback at an angle y. In super- 
imposed forward and reversed flow, the wing will again produce a 
prismatic region of disturbed flow common to the forward and 
reversed motions. In this case, the common region will not b 
bounded by Mach waves but by oblique planes which contain the 
leading edge and which are tangent to the Mach cones originating 
at the leading edge. If the lift distribution is the same in forward 
and reversed motion, the combined flow field in the disturbed 
region common to the forward and reversed flows will also have the 
properties given by Eqs. (1), (2), and (3) 

Thus, Jones’ criteria for minimum drag for a given total lift 
distributed in the infinite prismatic region above and below th 
wing are again satisfied. The value of the drag, obtained from 


sweepback theory, is 


Cp = (B/4)C,? V1 — (tan? y/B?) a 
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sed on the plan-form area The prismatic region above and 


low the wing need not be infinite if end plates are used. The 
iecessary end plates are again diamond shaped and are aligned 
with the streamlines on the top and bottom of the wing. The 
liamond shape of the end plates is obtained by extending them 
until they intersect the oblique planes which are tangent to the 
Mach cones from the leading edge, and which contain the lead 
ing edge, in forward or reversed flow. End plates of this shape 
will completely isolate the prismatic region that they define 
An illustration of a section of a swept wing with end plates is 
shown in Fig. 3. The end-plate dimensions are most easily ob 
tained by considering the flow Mach Number normal to the 
eading edge 

It should be noticed that, in the case of the unswept wing, the 
necessary end-plate height becomes infinite as the Mach Number 
ipproaches one. For the swept wing, the end-plate height be 
comes infinite when the Mach Number normal to the leading 
It seems desirable to base the drag and 
If this is done, 


edge approaches one 
lift coefficients on one half the total wetted area 


ne obtains 
. »a® 9 9 >) ¢ 
Cp B/4)CL2 } V1 — (tan? y/B2) + (1/BAR){ | 


Cr = (4a/8){1/ [11 — (tan? ¥/6?) + (1/8AR)] $ \ 


for the drag and lift of a swept and unswept (y = O) wing with 
end plates of the shape specified above. The drag caused by the 
end-plate surfaces exterior to the prismatic region is not included 
in Eq. 6 
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On the Supersonic Flow of a Viscous Fluid 
Past a Flat Plate 


tephen H. Maslen 
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I’ REFERENCE 1, Kuo determines the second approximation to 
the supersonic viscous flow past a flat plate. Limiting the 


analysis to an insulated plate, Prandtl Number of unity, and a 


FORUM SU] 


Chapman and Rubesin type of temperature-viscosity law, he 
} 


performs a perturbation analysis his is done in a distorted 


coordinate system using Lighthill's scheme The results are 


consistent with the assumptions and boundary conditions in al 


respects Kuo states that these results are in contrast with 
those of reference 3 where no coordinate distortion is employed 
It is the purpose of the present note to point out that the solu 
tion of reference 3 (which was intended only to produce informa 
tion about the boundary layer) is also consistent and, in the 
boundary layer, agrees with Kuo’s results 

In general, the procedure is as follows rhe familiar bound 
iry-layer solution in the absence of a pressure gradient is found 
his determines an external flow field which, in turn, prescribes 
i perturbation pressure distribution rhis latter determines a 
perturbation in the boundary layer and so on. The first two 
approximations to the inviscid field consist of purely outgoing 
waves, there being, as Kuo points out, no reflections from the 
shock to this order Hence, to this order, the solution near the 
boundary layer is determined independently of the shock condi 
tion However, if conditions near the shock are of interest, a 
in Kuo’s Section (12), or if a higher approximation to the bound 
ary laver is desired, then conditions at the shock become im 
A very convenient method of solving this part of thi 
If the 


portant 
problem is then the application of Lighthill's procedure 
inalysis of the writer had been carried to higher order, some 
such procedure in the inviscid region would certainly have to be 
employed 

This brings us to the important point of difference between 
the analyses of Kuo and of the writer 
ary-layer perturbations without a coordinat« 
found in reference 3 that the first two approximations to the nor 


In solving for the bound 
distortion, it is 


mal velocity at the outer edge of the boundary layer are (in the 
notation of reference 3 
0 — 2V732 
l fe.y) > (1/2 nB?Ak + Wek 
which lead, in Kuo’s notation, to 
v = (em/Y x) [1 + (By/2x evp. M?/ByY 2 l 


This is, to repeat, valid near the outer edge of the boundary 
layer and should not be considered to become infinite for large 
y. On the other hand, in the inviscid region outside the bound 
ary layer, a modified simple-wave solution consisting only of out 
going waves applies. If, near the boundary layer, this is ex 
panded for small By/x, the same expression as that given in Eq 
Hence, the apparently infinite (for large y) velocity 
(1) is only apparent, and the boundary-layer 


1) is found 
indicated in Eq 
solution goes, to the order in question, smoothly into that for 
If this same procedure is carried out with 
In this 


the inviscid region 
reference to the pressure, a similar behavior is found 
connection it is found that the wall pressure is given to second 
order (in Kuo’s notation) by 
y Mme } ye + 1 Ms | 
P=14 41+ ] 4 
BY x | BY x + B? 
This result agrees exactly with Kuo’s Eq. (10.3) to consistent 
orders. If it is plotted on his Fig. 1, the result is virtually indis 
tinguishable from Kuo’s theoretical curve over the entire range 
of the experimental data. 

The basic difference between the analysis of Kuo and the writer 
is that, in contrast to the above, Kuo introduces a coordinate 
distortion into the boundary layer so that the behavior of the 
pressure and velocity at the edge of the boundary layer will not 
be as in Eq. (1) but, rather, that they will remain bounded as y 
becomes infinite. However, as there is no singularity of th« 
flow at the boundary-layer edge, it is the opinion of the writer 
that this distortion (in the boundary layer) can in no way lead 
to new results. In any case, the inviscid solution, however ob- 
tained, is nonsingular near the plate and can be expanded in a 
Taylor series in 1/+/ x, so that there is no difficulty about match 


ing solutions 
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In view of these remarks, it seems apparent that the results 
of the two analyses should agree to the order to which they 
have been carried. The results of reference 3 permit no com 
parison with Kuo’s shock results since the inviscid solution, as 
constructed, is only valid near the boundary layer However, 
a comparison of the wall pressure and skin friction for the two 


studies shows perfect agreement 


This leaves only consideration of the results near the leading 
edge -namely those given in Section (11) of reference 1 Phese 
results depend on knowing the variation of the pressure near the 
edge. Examination of Kuo's Eq. (10.8) indicates that, for vari 
ous ranges of y, one has P :. l y, OF l V Xx However, the 


last two variations depend on [see Kuo’s Eq. (3.1)| the perturba 


tion pressure, ep outweighing the zeroth approximations 
unity). It is difficult to see any justification for this procedure 
ind, hence, for the results given in Section (11 

\n interesting result of these comparisons is that it is estab 
lished that the results of Kuo can be made more generally valid 
and apply without regard for Prandtl Number, wall temperature 
condition, or temperature-viscosity law. That is, under these 
circumstances (which are those assumed in reference 8) the skin 


friction and wall pressure are given by 


( V Re , = 2uu, T = BY Re Vv Re dé* dx oe Ue 
~ \J? dé* 1 dé* » + 1 MV 
P=1 4 i + l + (He 
) dx 8 dx } p- 
where the displacement thickness, 6*, and wv, are found from their 


first approximations (the usual boundary-layer analysis 


Author’s Reply 


In commenting on my recent paper,! Dr. Maslen in his note 
brings up two points. The first is that his solution® is con 
sistent and, in the boundary layer, agrees with minc The 
second is that my results for the region near the leading edge, 
given in Section (11) of reference 1, are not justified I would 


like to reply as follows: 


1) With respect to the first question, 1 feel that, since both 
of our solutions were derived from the standard mathematical 
procedure, there is no reason to doubt that they are consistent 
\s to whether they ‘‘agree’’ or not, this seems irrelevant. My 
view in this matter is that, in seeking approximate solutions of 
say, the Navier-Stokes equations, different methods often lead 
to different solutions with different degrees of accuracy in dif 
ferent regions. A well-known classical example is the difference 
between the Prandtl-Glauert method of perturbation an 
Friedrichs’ simple-wave solution in supersonic airfoil theory 
If one’s interest lies only in the pressure on the airfoil surface, 
then, for all practical purposes, the Prandtl-Glauert method is 
adequate. On the other hand, if one is not only interested in 
knowing the flow properties in the surface but also those such as 
the shock pattern, the flow field, ete., then the simple-wave 
solution is the better method to apply. In the present problem, 
the methods adopted by Maslen and me should be viewed in 
this same spirit. My results are valid for all y and may therefore 
be more useful for many purposes 

(2) Although my solution is uniformly valid for all y, it is, 
nevertheless, singular at the leading edge. The discussions in 
Section (11) of reference 1 were intended only to make this point 
clear. Since the solution is singular at the leading edge, some 
where in that neighborhood the approximation must break 
down. But Maslen’s condition that the second term of my 
pressure formula should not exceed unity is certainly no criteriot 
In principle, my pressure formula consists of only two terms for 
all approximations and, hence, cannot be considered as an 
asymptotic expansion. To carry higher order approximations 
would only improve the accuracy of the argument ~. For this 
quantity, there is, of course, a region of validity But its range 
cannot be decided unless high-order solutions are investigated 
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This is the same difficulty that occurs in any perturbation theor 
mine is no exception For the moment, I would rely on exy 


mental verification rather than arbitrary criteria 
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On Thin-Ring Analysis 
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SUMMARY 


A simple formula is presented which gives explicitly the bending momer 
at any point of a closed ring of arbitrary shape under arbitrary loadings 
the plane of the ring. Simplifications for cases exhibiting symmetry and t 
calculation of the normal and shear forces are also discussed 


INTRODUCTION 


[' IS CUSTOMARY in engineering practice to determine the ben 
ing moments in thin rings with the aid of the principle of ke 
work (or of some equivalent principle involving energy consider 
ations To this end, the bending moment at any point in tl 
ring is first expressed in terms of the indeterminate forces an 
bending moment existing at a given cross section, and the latter 
quantities are then found by minimization of the total strair 
energy In the calculation of the strain energy UL’, it is assumec 
that, because of the thinness of the ring, the extensional 
shearing deformations may be neglected and that the energ 
of bending, which alone need be considered, may be approxi 
mated by the equation 
Ss 


Ve 
[ = ds 
0 2ZEl 


where s measures the distance along the median line of the ring 
WV is the bending moment, #/ the bending rigidity in the plat 
f the ring, and S its perimeter 

For some simple loadings and geometries, the results of tl 
above procedure are available in the literature; in a general cas¢ 
however, it is necessary for the stress analyst to follow all th 
steps outlined above and to develop his solution from the ver 
beginning. It would seem advantageous to have at one’s dis 
posal an explicit representation for the final bending moment 
it any point of the ring, which could be used for any loading ot 
il 








geometry; a formula answering this description is, in fact, ¢ 
derived from the procedure just described. To his  surprist 
however, the author has not been able to find it in the literature 
it is therefore the purpose of this note to present and to discuss 


briefly this formula 


FORMULA FOR BENDING MOMENTS 


Let, in the ring of Fig. 1, the unknown forces and moment a 


the point (xo, yo) be denoted by Yo, ¥5, (in the x and y directions 


respectively) and V Let the distance s be measured from this 


point. The bending moment at any point is then 
V(s) = Mo(s) + No + Xo(yo — y) — Yala \ - 
where J/o(s) is the bending moment which would exist at an 


point s if the ring were open at s = 0; thus 1/,(0 0. 7 


conditions of minimum strain energy namely, 
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general formula just derived assumes simpler forms in t 
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Thus, for a ring of uniform cross section, the axes are centroidal 
rhe quantities VY», Vo, and No are then readily obtained from 
K 1s. (3b substitution into Eq (2 gives then the bending mo 
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—i\M' —- qe ! 

R[M” + (qe i p|\ 
In addition, the equations 
(RM")’ + (M’/R) — (qe R) - [R(qce)'|’ —q + (Rp)'| 
(RV’)’ + (V/R) q — (Rp)’ - (6b 
(RT')’ + (T/R) = —p — (Rq)’ 
which follow from Eqs. (6), may occasionally be useful for a check 
on the calculations. Obvious simplifications arise if R is con 
stant—i.e., foracircular ring. The first of Eqs. (6b) may also be 


used for the determination of Mo 


Approximative Determination of the Ceiling of 
Turbojet Engines 


Karl L. Sanders 
Design Engineer, IAME, Cordoba, Argentina 
May 4, 1956 


— ADIABATIC ALTITUDE EQUATION proved to represent the 

turbojet ceiling due to suffocating with fairly good results 
After flame extinction, it may be roughly assumed that the 

conditions in the combustion chamber are only determined by 


the compression end state 


Evaluation of NACA TN 1357, Effect of Combustor Inlet 
Conditions on Performance of an Annular Turbojet Combustor 
yielded a critical pressure range p, of 0.8-1.0 atmosphere in 
the combustion chamber. Using these critical pressures in the 
equation for adiabatic altitude, 


A 


Haa. = [x/(x — 1)] RTo[(pi/po)* 1)/x 


where 

7) = atmospheric absolute temperature 

po = atmospheric pressure 
the ceiling of the engine can be calculated with fairly good 
results. On the left side of Fig. 1, the adiabatic altitude Hy 
is plotted vs. the static SL. compression ratio p;/po at maximum 
r.p.m. as given by the engine manufacturer. On the right side, 
H,a. for the critical compression ratios p; ..,, /po is plotted ys 
the critical altitude 

For other than maximum r.p.m., the Haag. values can easily 
be reduced using 

Had. r.p.m. = Had. max m. (r.p.m./max. r.p.m 


Ceilings for some turbojet engines are indicated in the right 
side of the diagram showing quite good agreement 

The following influences have not been considered here: 
(1) combustion chamber type and fuel spray characteristics; 
(2) grade of fuel; (3) ram effect; and (4) compressor charaec- 


teristics field 
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